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npe�HCJIOBHe

KHl1ra CO.n;ep)f{I1T 3a.n;aqM no aJIre6pe .n;JUI yqa�I1XC.H 9 KJIacca. 3TI1

3a.n;aQI1 HeMHoro CJIO)KHee Tex, KOTopbIe npI1BOMTC.H B yqe6HI1Kax KaK

OCHOBHbIe, HO He CJIO)KHee Tex, KOTopbIe npI1Bo.n;.HTC.H KaK .n;onOJIHMTeJIb-

HbIe 3a.n;aql1 I1JIM KaK 3a.n;aql1 nOBbIllIeHHOM TPy.n;HOCTI1.

EOJIbllII1HCTI30 113 12 rJIaB HaqMHaeTC.H C nepeql1CJIeHI1.H OCHOBHbIX

<paKToB 11 nOH.HTI1H, OTHOC.HIIJ;I1XC.H K 3TOM rJIaBe. 3TI1 <paKTbI 11 nOIDITIDI

eCTb BO Bcex IlIKOJIbHbiX yqe6HI1Kax 11 npMBOMTC.H .n;JI.H HanOMMHaHI1.H.

Te me nOH.HTl1f.1, KOTopbIe eCTb B HeKoTopbIX yqe6HI1KaX, HO He BO Bcex,

npI1BOMTC.H B Tex I Iaparpa<pax, B KOTOpbIX OHI1 BnepBbIe BCTpeqalOT-

C.H. K TaKI1M nOHHTI1HM OTHOC.HTC.H, B qaCTHOCTI1, QI1CJIa <P1160HaQqM,

JII1HeHHa.H peKYPpc IITHa.H nOCJIe.n;OBaTeJIbHOCTb, nOCJIe.n;OBaTeJIbHOCTb

pa3HOCTeM, nOCJlC/�OBaTeJIbHOCTb <Pape.H, HenpepbIBHa.H .n;P06b.
nOCJIe nepet.I11CJICI-II15I OCHOBHbIX <paKTOB 11 nOH.HTI1M BO MHOrl1X rJIa-

Bax pa3611palOTCH pCIIICHM.H HeCKOJIbKI1X Hal160JIee Tl1nl1qHbIX 3a.n;aq. 3a-

TeM npI1Bo.n;.HTCJI �Ja/�(PII1.n;JIf.I caMOCTO.HTeJIbHOrO pellIeHI1.H. B KOHIJ;e npl1-

Be.n;eHbI OTBeTbI 1-'1 1(0 BceM 3a.n;aqaM (KpOMe Tex, K KOTOpbIM f)Ke caM

OTBeT .HBJI.HeTCf.I fIOJl1i hIM pellIeHl1eM) .n;aHbI yKa3aHI1.H.

nOp.H,ZJ;OK 113JlO)I(CI II-'IH MaTepl1aJIa B 3TOM 3a,l];aQHI1Ke MO)f(eT OTJIl1qaTbCH

OT nop.H,ZJ;Ka M3JlO)I{CIII1H B IlIKOJIbHOM yqe6HI1Ke, HO pellIaTb 3a.n;aql1 )f(e-

JIaTeJIbHO I1MeHIlO B npe.n;JIaraeMOM nOp.H.n;Ke, nOTOMY qTO I1MeHHO TaK

JIyqllIe Bcero npOHCIIHIOTC.H B3aI1MOCB.H311 Me)f(,lJ;Y pa3HbIMM 3a.n;aqaMI1.

113JIO)f{eHl1e C'rporo nOCJIe.n;OBaTeJIbHO: HI1 B O.n;HOM 113 rJIaB MaTepl1aJI

nOCJIe.n;yroIIJ;MX l'JICl B I-Ie MCnOJIb3yeTC.H.

3Ta KHl1ra HBJUleTC5I Henocpe.n;CTBeHHbIM npo.n;OJI)f{eHl1eM KHl1r «3a-

.n;aql1 no aJIre6pc. 7 KJIacc» (MIJ;HMO, 2019) 11 «3a.n;aql1 no aJIre6pe.
8 KJIacc» (MUI-IMO, 2020). HYMepaIJ;11.H rJIaB npo.n;OJI)f(aeT HYMepaIJ;111O

M3 3TI1X KHl1r.



CnHCOK 0603HaQeHHM

7 KJIaCC

abe -

.n;eC.HTI1QHa.H 3anl1Cb ql1CJIa

H o� (a, b) - Hal160JIbllII1M 06IIJ;I1M .n;eJII1TeJIb

HOK(a, b) - Hal1MeHbllIee 06IIJ;ee KpaTHoe

a e (mod b) -

cpaBHeHMe no MO.n;YJIIO

n! == 1 . 2 . 3 .4. ...

. (n - 1) .

n - <paKTOpl1aJI

8 KJIaCC

>, <, �, � -

HepaBeHCTBa

Ixl- MO.n;YJIb ql1CJIa x

va - apl1<pMeTl1qeCKI1M KBa.n;paTHbIM KopeHb 113 ql1CJIa a

l - MHI1Ma.H e.n;I1HMIJ;a

Izl- MO.n;YJIb KOMTIJIeKCHOro ql1CJIa

- ..

z -

COnp.H)f(eHHOe ql1CJIO

C
k

- QI1CJIO COqeTaHI1M 113 n 3JIeMeHTOB no k
n

[x J -

IJ;eJIa.H qaCTb ql1CJIa

{x} - .n;P06Ha.H qaCTb ql1CJIa

9 KJIaCC

va -

KopeHb CTeneHI1 n 113 ql1CJIa a, c.14

sin a 11 cos a -

CI1HYC M KOCI1HYC yrJIa a, c.17

tg a 11 ctg a - TaHreHC 11 KOTaHreHC yrJIa a, c. 18

Rj - np116JII1)f{eHHOe paBeHcTBo, c. 25

{x n } -

nOCJIe.n;OBaTeJIbHOCTb ql1ceJI, c.31

F
n

- ql1CJIO <P1160Haqql1, c. 32

{aI, ..., an} -MHO)f(eCTBO, COCTO.HIIJ;ee 113 3JIeMeHTOB aI, ..., an' c.36

0- nycToe MHO)f(eCTBO, c. 36

N, Z, <Q, R - MHO)f(eCTBa Bcex HaTypaJIbHbIX, IJ;eJIbIX, paIJ;110HaJIbHbIX,

.n;eMCTBI1TeJIbHbIX ql1ceJI, c. 36

Au B - 06'be.n;I1HeHMe MHO)f(eCTB A 11 B, c.36

An B -

nepeCeqeHl1e MHO)f(eCTB A 11 B, c.36

[aD; aI' a2, ..., anJ -HenpepbIBHa.H .n;p06b, c. 38



rJIaBa 22

ApH4>MeTHQeCKaR npOrpeCCHR

OCHOBHble <}>aKTbI II IIOIDITII.H

nOCJIe.n;oBaTeJIbHOCTb ql1ceJI aI, a
2 ,

a
3 , ..., an' ... Ha3bIBalOT apuifJMe-

mU1.£eeKOU np02peeeueu, eCJII1.n;JI.H BCeX HaTypaJIbHbIX n BbInOJIH.HeTC.H pa-

BeHCTBO an+l
==

an + d, r.n;e d -

HeKOTopoe nOCTO.HHHOe qI1CJIO, Ha3bIBae-

MOe pa3HoemblO apuifJMemU1.£eeKOU np02peeeuu. �JI.H KOHeqHOM nOCJIe.n;o-

BaTeJIbHOCTI1 aI, a2, a
3 , ..., am TaKOe paBeHCTBO .n;OJI)f(HO BbInOJIIDITbC.H

.n;JI.H BCeX HaTypaJIbHbIX n < m. QI1CJIO m npM 3TOM Ha3bIBalOT OJlUHOU

apl1<pMeTl1qeCKOM nporpeccl1l1.

YCJIOBl1e, qTO pa3HOCTb d == a
n + l

-

an nOCTO.HHHa, MO)f(HO 3anMCaTb

CJIe.n;yroIIJ;I1M 06pa30M: a
n + 1

-

an
==

an
-

a
n -], T. e.

an-l + an+l
an

==

2

3TO 03HaqaeT, qTO Ka)f(.n;bIM qneH apM<pMeTMqeCKOM nporpeCCI1M paBeH

cpe.n;HeMY apM<pMeTl-p-IeCKoMY coce.n;HMx C HI1M qneHOB. 11 Ha060poT: ec-

JII1 Ka)f(,lJ;bIM qneH nocne.n;oBaTeJIbHOCTI1 paBeH cpe.n;HeMY apl1<pMeTl1qe-

CKOMY coce.n;HI1X C HMM qneHOB, TO TaKa.H nOCJIe.n;OBaTeJIbHOCTb
- apM<p-

MeTl1qeCKaJI nporpeCCI1J1.

�JI.H n-ro qneHa apM<pMeTl1qeCKOM nporpeCCI1M cnpaBe.n;JIMBa <POPMY-
JIa an

==

al + (11 - l)d.

CYMMa nepBbIX 11 qneHOB apl1<pMeTl1qeCKOM nporpeccl1l1 paBHa

n(al + an) n(2al + (n -1)d)

2 2

CBOHCTBa apH�MeTHqeCKOH nporpeCCHH

22.1. CTOpOHbI TpeyrOJIbHI1Ka 06pa3yroT apl1<pMeTl1qeCKyID nporpec-

CI1IO. �OKIDKI1Te, qTO OTHOllIeHMe 60JIbllIeM CTOpOHbI K MeHbllIeM MeHbllIe 3.

22.2. MorYT JII1 .n;JII1HbI CTOpOH np.HMoyrOJIbHOrO TpeyrOJIbHI1Ka 06-

pa30BbIBaTb apl1<pMeTl1qeCKyID nporpeccl1lO?

22.3. nOJIO)f(MTeJIbHbIe ql1CJIa a, b 11 e 06pa3yroT apl1<pMeTl1qecKyro
1 1 1

nporpeccl1lO. �OKa)f(I1Te, qTO ql1CJIa

Jb
'

� JC
11

�
TO)f(e

b+JC a+ c �+ b

06pa3yIDT apl1<pMeTl1qecKyro nporpeccl1lO.



8 22. Apl1<pMeTl1qeCKlliI nporpeccl15I

22.4. �OKa)f(I1Te, qTO .n;JI.H KOHeqHOM apl1<pMeTMqeCKOM nporpeccl1l1

aI, a2, a
3 , ..., an' BCe qneHbI KOTOpOM OTJIl1qHbI OT HYJI.H, BbInOJIIDIeTC.H

paBeHCTBO
1 1

-+-+...+
ala2 a2 a 3 an-Ian

1 n-l

alan

22.5. �OKa)f(I1Te, qTO .n;JI.H KOHeqHOM apM<pMeTl1qeCKOM nporpeCCI1M

aI, a2, a3, ..., an C pa3HOCTblO d t 0, BCe qneHbI KOTOpOM OTJIl1qHbI OT

HYJI.H, BbInOJIH.HeTC.H paBeHCTBO

1 1 1 1

(
1 1

)ala2 a 3

+
a2 a 3 a 4

+ ... +
a

n -2 a n-I a
n

==

2d ala2

-

an-Ian
.

22.6. �OKa)f(I1Te, qTO .n;JI.H KOHeQHOM apl1<pMeTI1QeCKOM nporpeccl1l1

aI, a2, a
3 , ..., an' BCe qneHbI KOTOpOM nOJIO)f(I1TeJIbHbI, BbInOJIIDIeTC.H pa-

BeHCTBO

1
+

1 1

f"il:" � � �
+ .. . +

r;:y--:- rn-
y

a l+ y a2 y
a 2+y a 3 yan-l+ya n

n-l

JUl+�.

22.7. MorYT JII1 ql1CJIa .../2, J3 11 J5 6bITb qneHaMI1 O.n;HOM apl1<pMe-
TI1QeCKOM nporpeccl1l1?

22.8. nepBbIM qneH 11 pa3HocTb apl1<pMeTl1qeCKOM nporpeccl1l1- Ha-

TypaJIbHbIe qMCJIa. �OKa)f(I1Te, qTO eCJIM O.n;I1H 113 qneHOB 3TOM nporpec-

CI1I1 - nOJIHbIM KBa.n;paT, TO cpe.n;11 qneHOB 3TOM nporpeCCMI1 6eCKOHeqHO

MHOrO nOJIHbIX KBa.n;paToB.

22.9. QI1CJIO P npocToe, IJ;eJIbIe QI1CJIa aI' a
2 , ...,

a
p 06pa3yroT B03-

paCTalOIIJ;yro apl1<pMeTl1qeCKyro nporpeCCI1IO, M HI1 O.n;HO 113 HI1X He .n;e-

JII1TC.H Ha p. �OKa)f(I1Te, qTO pa3HOCTb 3TOM nporpeccl1l1 .n;eJIMTC.H Ha p.

22.10. �OKa)f(MTe, qTO B 6eCKOHeqHOM apM<pMeTl1qeCKOM nporpec-

CI1I1 1, 1 + n, 1 + 2n, ..., r.n;e n -

HaTypaJIbHOe qI1CJIO, BCTpeqaeTC.H Ky6

HaTypaJIbHOrO ql1CJIa.

22.11. �OKa)f(I1Te, qTO B JII060M 6eCKOHeqHOM apl1<pMeTl1qeCKOM npo-

rpeCCI1I1, COCTO.H�eM 113 HaTypaJIbHbIX qMCeJI, HaM.n;YTC.H .n;Ba qneHa C O.n;M-

HaKOBOM CYMMOM IJ;11<pP.

C)'MMa apH�MeTHqeCKOH nporpeccHH

22.12. HaM.n;I1Te CYMMY nepBbIx 2n - 1 qneHOB apl1<pMeTl1qeCKOM

nporpeCCI1I1, eCJII1 113BeCTeH ee qneH an.

22.13. �JI.H KaKI1X n cYMMa 1 + 2 + 3 + .. . + n .n;eJII1TC.H Ha n?

22.14. Apl1<pMeTI1QeCKa.H nporpeccl1.H COCTOMT 113 IJ;eJIbIX ql1CeJI. CYM-

Ma nepBbIX n qneHOB 3TOH nporpeccl1l1 .HBJI.HeTC.H CTeneHblO .n;BOMKI1. �O-

Ka)f(I1Te, qTO n TaK)f(e CTeneHb .n;BOHKI1.
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22.15. �JI.H HeKoToporo n t m cYMMa nepBbIx n qneHOB apl1<pMeTI1-
qeCKOM nporpeccl1l1 paBHa cYMMe nepBbIx m qneHOB. HaM.n;I1Te CYMMY

nepBbIx n + m qneHOB.

22.16. CYMMa nepBbIx n qneHOB apl1<pMeTl1qeCKOM nporpeccl1l1 paB-

Ha Sn, cYMMa nepBbIx m qneHOB paBHa Sm (m t n). HaM.n;I1Te CYMMY

nepBbIx n + m qneHOB.

22.17. HaMAI1Te CYMMY Bcex TpeX3HaqHbIX ql1ceJI, .n;eJI.HIIJ;I1XC.H Ha 30.

22.18. HaMAMTe CYMMY Bcex TpeX3HaqHbIX ql1ceJI, He .n;eJI.HIIJ;I1XC.H HI1

Ha 2, HI1 Ha 3.

22.19. �OKa)f(I1Te, qTO JII060e ql1CJIO B�a n
k

, r.n;e n 11 k -

HaTypaJIb-

HbIe QI1CJIa, OTJIl1qHbIe OT 1, MO)f(HO npe.n;cTaBI1Tb B BI1.n;e CYMMbI n no-

CJIe.n;OBaTeJIbHbIX HeqeTHbIX ql1ceJI.

22.20. CYMMa HOMepoB .n;OMOB Ha O.n;HOll cTopoHe KBapTaJIa paB-

Ha 247. KaKoM HOMep I1MeeT ce.n;bMoM .n;OM OT yrJIa?
22.21. HaMAI1Te 2n + 1 nOCJIe.n;OBaTeJIbHbIX IJ;eJIbIX qMCeJI, 06JIa.n;alO-

�I1X CJIe.n;yro�I1M CBOllCTBOM: cYMMa KBa.n;paToB nepBbIx n + 1 ql1ceJI

paBHa cYMMe KBa.n;paToB nOCJIe.n;HI1X n qMCeJI.

22.22. QI1CJIO N COCTaBJIeHO 113 Bcex nOCJIe.n;OBaTeJIbHOCTeM 113 n

IJ;11<pP 000...00, 000...01, ..., 999... 99, 3anM caHHbIX B npOM3BOJIbHOM

nOp.H.n;Ke. �OKa)f(MTe, �ITO N ,n;eJII1TCH H3 999...99 (n .n;eBHToK).
ak

22.23. IlycTb QI
== a > 0 11 Qk+:J

==

1 k
npM k? 1. BbIqMCJII1Te an.

+ ak

ApH�MeTHqeCKaH nporpeccHH H KBa�paTHhIH TpeXqJIeH

22.24. AmI apl1<pMeTI1QeCKOM nporpeccl1l1 C nepBbIM qJIeHOM al 11 pa3-

HOCTblO d yxa)f(I1Te KBa.n;paTHbIM TpeXqneH f(x), 06JIa.n;alOIIJ;I1M cJIe.n;yro-

�I1M CBOMCTBOM: f (n) == a I + a2 + ... + an .n;JI.H Bcex HaTypaJIbHbIX n.

22.25. �OKa)f(I1Te, qTO .n;JI.H JII060ro KBa.n;paTHoro TpeXqneHa f (x) ==

== ax
2

+ bx nOCJIe.n;OBaTeJIbHOCTb an
== fen)

-

fen
- 1) - apl1<pMeTl1qeCKa.H

nporpeccM.H. HaM.n;MTe nepBbIM qJIeH a
l

11 pa3HOCTh d 3TOM nporpeccl1l1.

22.26. a) HaM.n;I1Te KBa.n;paTHbIM TpeXqJIeH f (x) == ax
2

+ bx, .n;JI.H KO-

Toporo fen)
-

fen -1) == n .n;JI.H Bcex HaTypaJIbHbIX n.

6) C nOMOIIJ;blO 3Toro TpeXqJIeHa BbIBe.n;I1Te <POPMYJIY CYMMbI

1 + 2 + ... + n.

22.27. a) HaM.n;I1Te Ky6MqeCKMM MHOrOqneH f(x) == ax
3

+ bx
2

+ ex,

.n;JI.H KOToporo f (n) -

f (n - 1) == n
2

.n;JI.H Bcex HaTypaJIbHbIX n.

6) C nOMO�blO 3Toro MHOrOqneHa BbIBe.n;I1Te <POPMYJIY CYMMbI

1
2

2
2 2

+ +...+n.
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npHMephI apHc}>MeTHqeCKHX nporpeccHH

22.28. a) C�ecTByeT JII1 apl1<pMeTl1qeCKa.H nporpeccl1.H .n;JII1HbI 5,

1
1 II?COCTaBJIeHHa.H 113 qJIeHOB nOCJIe.n;OBaTeJIbHOCTI1 , '2' 3' 4'

....

6) C�ecTByeT JII1 TaKa.H apl1<pMeTl1qeCKaH nporpeCCI1.H CKOJIb yrO.n;HO

60JIbllIOM .n;JII1HbI?

22.29. MO)f(HO JII1 113 HaTypaJIbHbIX ql1CeJI, KOTopbIe HeJIb3.H npe.n;-

CTaBI1Tb HI1 B BM.n;e CYMMbI, HI1 B BM.n;e pa3HOCTI1 .n;BYX npOCTbIX ql1ceJI,

COCTaBI1Tb 6eCKOHeqH)'JO apl1<pMeTl1qeCK)'JO nporpeCCMIO?

Pa36HeHHe Ha apH<!>i.IeTHqeCKHe nporpeCCHH

Ey.n;eM rOBOpI1Tb, qTO HaTypaJIbHbIe ql1CJIa pa36umbL Ha n apl1<pMe-
Tl1qeCKI1X nporpeCCI1M, eCJII1 Ka)K,ll;Oe HaTypaJIbHOe ql1CJIO npI1Ha.n;JIe)f(I1T

pOBHO O.n;HOM 113 3TI1X nporpeCCI1M. Hanpl1Mep, HaTypaJIbHbIe ql1CJIa pa3-

611TbI Ha qeTHbIe 11 HeqeTHbIe ql1CJIa.

22.30. npl1Be.n;I1Te npl1Mep pa36l1eHI1.H HaTypaJIbHbIX ql1ceJI Ha Tpl1

apl1<pMeTl1qeCKl1e nporpeccl1l1.

22.31. HaTYPaJIbHbIe ql1CJIa pa3611TbI Ha n apl1<pMeTl1qeCKI1X npo-

rpeCCI1M. nYCTb d l ,
d 2 , ..",

d
n

-

pa3HOCTI1 3TI1X nporpeCCI1M. �OKa)f(I1Te,
1 1 1

qTO d+d+...+d==l.I 2 n

22.32. HaTypaJIbHbIe ql1CJIa pa3611TbI Ha n apl1<pMeTl1qeCKI1X npo-

rpeCCI1M. �OKa)f(I1Te, qTO XOT.H 6bI Y O.n;HOM 113 3TI1X nporpeCCI1M nepBbIM
qJIeH .n;eJII1TC.H Ha pa3HOCTb nporpeccl1l1.

Pa3HhIe 3a�aqH

22.33. MO)f(HO JII1 pa3611Tb HaTypaJIbHbIe ql1CJIa Ha .n;Be qaCTI1 TaK,

qT06bI HI1 B O.n;HOM 113 HI1X He 6bmo 6eCKOHeqHOM apl1<pMeTl1qeCKOM npo-

rpeccl1l1?
22.34. YKIDKI1Te HaTypaJIbHOe ql1CJIO n, ,l];JI.H KOToporo ql1CJIa n + 36,

n + 300 11 n + 596 -

KBa.n;paTbI Tpex nOCJIe.n;OBaTeJIbHbIX qJIeHOB apl1<p-
MeTl1qeCKOM nporpeCCI1I1.

22.35. �JUI npOBepKI1 Ha npOqHOCTb napTl111 o.n;I1HaKOBbIX llIapl1KOB

Bbl,lJ;aHbI .n;Ba llIapl1Ka. Tpe6yeTC.H BbI.HCHI1Tb, npl1 6pocaHI111 C KaKoro

I1MeHHO 3Ta)f(a n -3TIDKHoro .n;OMa llIapl1K pa36I1BaeTC.H. �OKa)f(I1Te, qTO

m(m+ 1) �

eCJII1
2

? n, TO 3TO MO)f(HO c.n;eJIaTb 3a m I1cnbITaHI1I1.
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reOMeTpH'IeCKaR npOrpeCCHR

OCHOBHhIe <l>aKThI H nOHHTHH

nOCJIe.n;OBaTeJIbHOCTb ql1ceJI b l ,
b 2 ,

b 3 , ...,
b

n ,
... Ha3bIBalOT 2eOMem-

pU1.£eeKOU npo2peeeueu, eCJII1 .n;JI.H Bcex HaTypaJIbHbIX n BbInOJIH.HeTC.H pa-

BeHCTBO b
n + l

== qb n , r.n;e q
-

HeKOTopoe qI1CJIO, He paBHoe HYJIIO. 3TO

ql1CJIO Ha3bIBalOT 3HaMeHameJleM 2eOMempU1.£eeKOU np02peeeuu. �JI.H KO-

HeqHOM nOCJIe.n;OBaTeJIbHOCTI1 b l ,
b

2 ,
b

3 , ...,
b

m
TaKoe paBeHCTBO .n;OJI)f(HO

BbInOJIIDITbC.H .n;JI.H Bcex HaTypaJIbHbIX n < m.

�JI.H n-ro qJIeHa reOMeTpl1qeCKOM nporpeccl1l1 cnpaBe.n;JII1Ba <pop-

MYJIa b
n

== qn-Ib l
. I1Hor.n;a n-n q]JeH 6bIBaeT y,n;06HO 3anMcaTb B BI1.n;e

b
n

b b
b]

n
==

q 0' r.n;e 0
==

-.

q

CYMMa rrepBbIX 11 t.IJIeHOB reOMeTpHt.leCKOH rrporpeccl1l1 co 3HaMeHa-

b- (1-(")
Te.neM q -11 paBHa

]

1

I
.

-q

CBOHCTBa reOMeTpHqeCKOH nporpeccHH

23.1. HaM.n;I1Te np0l13Be.n;eHl1e nepBbIx 2n + 1 qJIeHOB reOMeTpl1qe-

CKOM nporpeCCI1I1, eCJII1 ee qJIeH C HOMepoM n + 1 paBeH b.

23.2. CYMMa Bcex qJIeHOB reOMeTpl1qeCKOM nporpeccl1l1 C qeTHbIM

ql1CJIOM qJIeHOB B 3 pa3a 60JIbllIe C)'MMbI qJIeHOB C HeqeTHbIMI1 HOMepa-

MI1. HaM.n;I1Te 3HaMeHaTeJIb 3TOM nporpeccl1l1.

23.3. MorYT JII1 .n;JII1HbI CTOpOH np.HMoyrOJIbHOrO TpeyrOJIbHI1Ka 06-

pa30BbIBaTb reOMeTpl1qeCK)'IO nporpeccl1lO?

23.4. nOCJIe.n;OBaTeJIbHOCTb aI, a2, ... 06JIa.n;aeT CJIe.n;)'IO�I1M CBOM-

CTBOM: a
n +]

==

qa n
+ d ,n;JI.H Bcex HaTypaJIbHbIX n 11 HeKoTopbIX nOCTO.HH-

HbIX ql1ceJI q t 111 d. �OKa)f(I1Te, qTO MO)f(HO no.n;06paTb ql1CJIO e TaK, qTO

nOCJIe.n;OBaTeJIbHOCTb b
n

==

an + e 6y.n;eT reOMeTpl1qeCKOM nporpeCCl1eM.
23.5. nepBbIe 10 q]JeHOB B03pacTalO�eM reOMeTpl1qeCKOM nporpec-

CI1I1 -

IJ;eJIbIe ql1CJIa. MorYT JII1 Bce OCTaJIbHbIe qJIeHbI He 6bITb IJ;eJIbIMI1?

23.6. C�ecTByeT JII1 reOMeTpl1qeCKa.H nporpeccl1.H, cpe.n;11 qJIeHOB

KOTOpOM eCTb ql1CJIa 8, 18 11 27?
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23.7. C�ecTByeT JII1 reOMeTpl1qeCKa.H nporpeccl1.H, cpe.n;11 qneHOB

KOTOpOM eCTb ql1CJIa 1, 2 11 3?

23.8. B B03pacTalO�en reOMeTpl1qeCKOM nporpeccl1l1 Tpl1 qneHa.

CYMMa 3TI1X qneHOB paBHa 19, a cYMMa I1X KBa.n;paToB paBHa 133. HaM-

.n;I1Te nporpeccl1lO.

23.9. B B03pacTalO�eM reOMeTpl1qeCKOM nporpeCCl111 qeTbIpe qne-

Ha. CYMMa KpaMHI1X qneHOB paBHa 13, a cYMMa cpe.n;HI1X paBHa 4. Han-

.n;I1Te qneHbI nporpeccl1l1.

23.10. �aHa reOMeTpl1qeCKa.H nporpeccM.H, 3HaMeHaTeJIb q KOTOPOM-

IJ;eJIoe qI1CJIO, OTJIl1qHOe OT -1. �OKa)f(I1Te, qTO cYMMa JII060ro ql1CJIa

np0l13BOJIbHO BbI6paHHbIx ee qneHOB He MO)f(eT paBIDITbC.H HI1KaKOMY

qneHY 3TOM nporpeCCI1I1.

C}'MMa reOMeTpHqeCKOH nporpeccHH

23.11. C)'MMa nepBbIx n qneHOB reOMeTpl1qeCKOM nporpeCCI1I1, 3Ha-

MeHaTeJIb KOTOpOM OTJIl1qeH OT :f:l, paBHa 5n, cYMMa nepBbIx 2n qneHOB

paBHa 5 2n . HaM.n;I1Te CYMMY qneHOB C HOMepaMI1 OT 2n + 1 .n;o 3n.

23.12. Han�I1Te CYMMY n CJIaraeMbIX 1 + 11 + 111 + . . . + 11... 111.

23.13. HaM.n;I1Te CYMMY

1 + 2x+ 3x
2

+4x
3

+ ... + (n + l)x
n

npl1 x t 1.

23.14. QI1CJIO 2
n

-1 == P npocToe. �OKa)f(I1Te, qTO cYMMa .n;eJII1TeJIeM

ql1CJIa N==2n-Ip, OTJIl1qHbIX OT N, paBHa N.

ApHc}>MeTHqeCKaH H "reOMeTpHqeCKaH nporpeccHH

23.15. Tpl1 ql1CJIa, 3anl1CaHHbIe B O.n;HOM 11 TOM )f(e nOp.H,lJ;Ke, 06pa3Y-
lOT o.n;HOBpeMeHHO apl1<pMeTl1qeCKyIO 11 reOMeTpl1qeCKyIO nporpeccl1l1.

06.H3aTeJIbHO JII1 3TI1 ql1CJIa paBHbI?

23.16. Pa3JII1qHbIe ql1CJIa a, b 11 e B yKa3aHHoM nOp.H.n;Ke 06pa3yIOT

reOMeTpl1qecKyIO nporpeCCI1IO, a ql1CJIa a + b, b + e 11 e + a B yKa3aHHoM

nOp.H.n;Ke 06pa3yIOT apl1<pMeTl1qeCKyIO nporpeccl1lO. HaM.n;I1Te 3HaMeHa-

TeJIb reOMeTpl1qeCKOM nporpeccl1l1.

23.17. nOCJIe.n;oBaTeJIbHOCTb 113 ,lJ;BYX pa3JII1qHbIX ql1ceJI npO,lJ;OJI)f(IDIM

,lJ;ByMH cnoc06aMI1: TaK, qT06bI nOJIyql1JIacb reOMeTpl1qeCKa.H nporpec-

CM.H, 11 TaK, qT06bI nOJIyqIDIacb apl1<pMeTl1qeCKa.H nporpeCCI1.H. npl1 3TOM

TpeTl1n qneH reOMeTpl1qeCKOn nporpeccl1l1 COBnaJI C .n;eC.HTbIM qneHOM

apl1<pMeTl1qeCKOH nporpeCCI1M. C KaKI1M qneHOM apl1<pMeTl1qeCKOM npo-

rpeccl1l1 COBnaJI qeTBepTbIM qneH reOMeTpl1qeCKOH nporpeccl1l1?
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23.18. npM CJIO)f(eHI1I1 o.n;HOI1MeHHbIx qJIeHOB apl1<pMeTl1qeCKOHI1 reo-

MeTpl1qeCKOM nporpeCCI1M, Kalli,lJ.a5I M3 KOTOpbIX COCTOI1T 113 qeTbIpeX qJIe-

HOB, nOJIyqaeTcH nOCJIe,lJ.OBaTeJIbHOCTb 27, 27, 39, 87. HaM.n;I1Te 3TI1 npo-

rpeCCI1I1.

23.19. nO.n;6epMTe HaTypaJIbHble QI1CJIa a < b < e < d TaK, qT06bI

ql1CJIa a, b, e COCTaBJI.HJI11 apl1<pMeTl1qeCKyIO nporpeCCI1IO, QI1CJIa b, e, d -

reOMeTpl1qecKyIO nporpeCCI1IO, a pa3HocTb d -

a 6bma paBHa: a) 7;

6) 10; B) 30.

23.20. nepBbIM qJIeH apl1<pMeTl1qeCKOM nporpeccl1l1 paBeH 1, a pa3-

HOCTb nporpeCCI1M
-

HaTYPaJIbHOe ql1CJIO d. �OKIDKI1Te, qTO 113 HeKOTO-

pbIX qJIeHOB 3TOM nporpeccl1l1 MO)f(HO COCTaBMTb 6eCKOHeqHyIO reOMeT-

pMqeCKyIO nporpeccl1lO.

23.21. nYCTb a, a + d, a + 2d, ...

- 6eCKOHeqHa.H apl1<pMeTl1qeCKa.H

nporpeccIDI, npl1qeM ql1CJIa a 11 d nOJIO)f(I1TeJIbHbIe. �OKa)f(I1Te, qTO 113

HeKOTopbIX qJIeHOB 3TOM nporpeCCl111 MO)f(HO COCTaBI1Tb 6eCKOHeqHyIO
a

reOMeTpl1qeCKyIO nporpeCCl11O Tor,n;a 11 TOJIbKO Tor.n;a, Kor.n;a ql1CJIO
d

paIJ;110HaJIbHO.
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Pa�HOHaJIhHaR CTeneHb 'IHCJIa

OCHOBHbIe <l>aKTbI H nOHHTHH

KopHeM emeneHU n 113 ql1CJIa a Ha3bIBalOT TaKoe ql1CJIO (eCJII1 OHO

c�ecTByeT), n-.H CTeneHb KOToporo paBHa a.

KopeHb HeqeTHOM CTeneHI1 113 JII060ro .n;eMCTBI1TeJIbHOrO ql1CJIO cy-

�ecTByeT 11 npl1TOM e.n;I1HCTBeH. KopeHb HeqeTHOM CTeneHM 113 nOJIO)f(M-

TeJIbHOrO ql1CJIa nOJIO)f(I1TeJIeH, a 113 OTpl1IJ;aTeJIbHOrO ql1CJIa OTpl1IJ;aTe-

JIeH. KopeHb HeqeTHOM CTeneHI1 n 113 ql1CJIa a 0603HaqalOT va.

C�eCTByIOT pOBHO .n;Ba KOpIDI qeTHOM CTeneHI1 113 nOJIO)f(I1TeJIbHO-

ro ql1CJIa; OHI1 OTJIl1qaIOTC.H TOJIbKO 3HaKaMI1. nOJIO)f(I1TeJIbHbIM KopeHb

qeTHOM CTerreHI1 n 113 nOJIO)f(I1TeJIbHOrO ql1CJIa a 0603HaqalOT va, a OT-

pl1IJ;aTeJIbHbIM KopeHb qeTHOM CTeneHI1 n 113 nOJIO)f(I1TeJIbHOrO ql1CJIa a

0603HaqalOT - va. KopH.H qeTHOM CTeneHI1 113 OTpl1IJ;aTeJIbHOrO ql1CJIa

He c�ecTByeT.

HeOTpl1IJ;aTeJIbHbIM KopeHb CTeneHI1 n 113 HeOTpl1IJ;aTeJIbHOrO ql1CJIa

a Ha3bIBalOT apucjJMemUL£eeKUM KopHeM CTeneHI1 n 113 ql1CJIa a.

�JI.H HeOTpl1IJ;aTeJIbHOrO ql1CJIa a 11 HaTypaJIbHbIX ql1ceJI m 11 n (m ? 2,

n ? 2) cnpaBe,n;JII1BbI paBeHcTBa

(va)m == V am
,

m

Va m
== va 11 nV va == mva.

�JI.H HaTypaJIbHOrO ql1CJIa n 11 OTJIl1qHOrO OT HYJI.H ql1CJIa a ql1CJIO a-
n

1

onpe.n;eJUleTC.H KaK n.

�JI.H nOJIO)f(I1TeJI�HOrO ql1CJIa a 11 paIJ;110HaJIbHOrO ql1CJIa
P

, r.n;e ql1C-

P
q

q

JIa p 11 q IJ;eJIbIe 11 q ? 2, ql1CJIO a q
onpe.n;eJI.HeTC.H KaK �. npl1 3TOM

cnpaBe.n;JII1BWpaBeHcTBa

PIP pk

a q == (a q )
P

,
a q == a qk

pq

(qI1CJIO k HaTypaJIbHoe) 11 a
P == a q.

K opeHh CTe neHH n

24.1. �OKa)f(I1Te, qTO V 20+14J2+ V 20-14J2==4.
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24.2. �OKa)f(I1Te, qTO V 2 + J5 + V 2 - J5 == 1.

24.3 . �OKa)f(I1 Te, q TO ql1CJIa

V 3+ J22�2 + V 3- J22� " V 6+ J824J + V 6- J824J
paIJ;110HaJIbHbIe.

24.4. �OKa)f(I1Te, qTO

vi V4-1+ J V16- V4 = v3.

24.5. �OKa)f( I1Te, qT O

V V2-1= V3
=-L(V4-V2+1).

V2+1 �

24.6. HaM.n;I1Te MHOrOqJIeH C IJ;eJIbIMI1 K03<p<PI1IJ;l1eHTaMI1, KopHeM

KOToporo .HBJI.HeTC.H ql1CJIO tt2 + w.
24.7. l{neHbI b l ,

b lO 11 b lOO reOMeTpl1qeCKOM nporpeCCI1M
-

HaTY-

paJIbHbIe ql1CJIa. 06.H3aTeJIbHO JII1 b
99

-

HaTypaJIbHOe ql1CJIo?

YpaBHe HH.H

24.8. PellII1Te ypaBHeHl1e � 1 -

x + � 1 + x == tt2.
x

3

24.9. PellII1Te ypaBHeHl1e + X2 - 4 == o.

J 4 -

x
2

24.10. PellII1Te ypaBHeHl1e �2 -

x + J x
- 1 == 1.

24.11. PellII1Te ypaBHeHl1e V 13x + 37 - � 13x - 37 == tt2.

24.12. �JIH Ka)l(,ll; OrO HaT ypaJI bHOrO ql1 CJIa m pellIH Te ypaBHeHl1e

V (I+x)2- V (I-x)2 ==

'

\/ 1-x
2

.

24.13. PellII1Te ypaBHeHl1e x
3

- [xJ == 3.

HepaBeHCTBa

24.14. ).J.oKalliI1Te, qTO eCJII1 x> y > 0, TO .n;JIH JII060ro HaTypaJIbHOrO

n BbInOJIHHeTCH HepaBeHCTllO 'Vi> W.
24.15. �OKa)I{MTe, qTO eCJIH x > y > 0 11 r - nOJIO)f(I1TeJIbHOe paIJ;l1o-

HaJIbHOe QI1CJIO, TO X" > y".
24.16. nYCTb r 11 S -

paIJ;MOHaJIbHbIe ql1CJIa, npl1qeM r > s > 0, 11 X > 1.

�OKa)f(I1Te, qTO x" > x
s

.

24.17. �OKa)f(I1Te, qTO J4+ W+ V4>411 V7+ 'V7+ V7<7.
24.18. KaKoe 113 ql1CeJI 60JIbllle: JII I1JII1 5 - V5?

24.19. �OK(l)K"Te, 'ITO � (X + :2 ) � tt2 lIP" X > O.



16 24. PaU;110HaJIbHCUI CTerreHb ql1CJIa

1136aBJIeHHe OT Hppa�HOHaJIhHOCTH B 3HaMeHaTeJIe

B 3a.n;aHI1.HX 24.20- 24.23 1136aBbTecb OT I1ppaIJ;110HaJIbHOCTI1 B 3Ha-

MeHaTeJIe .n;p0611.
1

24.20.
3

.

V2-1

V2
24.22.

3 3
.

1+ V2+ if4

1
24.21.

3
.

V2+1

13_
24.23.

a + 1
' r.n;e a

- 3a + 1 - O.

Pa3HhIe 3a�aqH

24.24. YKa)f(I1Te HaTypaJIbHbIe QI1CJIa m 11 n, .n;JI.H KOTOpbIX

vm - vn == vi 4V3 - 6.

24.25. nepBbIM qJIeH 11 3HaMeHaTeJIb reOMeTpWIeCKOM nporpeccl1l1-

nOJIO)f(I1TeJIbHbIe ql1CJIa, qJIeHbI C HOMepaMI1 m
-

n 11 m + n paBHbI b
m

-

n

11 b
m + n

. HaM.n;I1Te qJIeHbI C HOMepaMI1 m 11 n.

(
n + 1

)
n

(
n + 1

)
n+ I

24.26. nYCTb x ==

----,:z-
11 Y

==

----,:z- , r.n;e n -

HaTypaJIbHOe

qI1CJIO. �OKa)f(I1Te, qTO x
Y == yX.

24.27. HaM.n;I1Te Bce nOJIO)f(I1TeJIbHbIe paIJ;110HaJIbHbIe pellIeHIDI ypaB-

HeHIffi x
Y == yX, .n;JI.H KOTOpbIX X > y.



rJIaBa 25

TpHrOHOMeTpHQeCKHe �OPMYJIbI

OCHOBHbIe <l>aKTbI H nOHHTHH

B KaqeCTBe e.n;I1HI1IJ;bI 113MepeHI1.H yrJIOB I1CnOJIb3yIOT He TOJIbKO rpa-

.n;yc, HO 11 pa.n;l1aH. PaouaH - 3TO BeJIl1ql1Ha IJ;eHTpaJIbHOrO yrJIa OKp�-

HOCTI1 pa.n;l1yca R, onMpalO�erOC.H Ha ,n;yry .n;JII1HOM R. YrOJI B 1
0

paBeH
n

yrJIY B
180

pa.n;l1aH.

EOUHU1.£HWl OKpYJKHOemb
- 3TO OKp�HOCTb pa.n;l1yca 1 C IJ;eHTpOM

B HaqaJIe Koop.n;I1HaT Oxy. nYCTb A - TOqKa C Koop.n;I1HaTaMI1 (1; 0), B-

TOqKa, .n;BI1)f(yIIJ;a.HC.H npOTI1B qaCOBOM CTpeJIKI1 no e.n;I1Hl1qHOH OKp�-

HOCTI1 11 B HaqaJIbHbIM MOMeHT COBna.n;alO�a.H C TOqKOM A. Ka:>K.ZJ;OMY

nOJIO)f(I1TeJIbHoMY ql1CJIY a MO)f(HO conOCTaBI1Tb TOqKY B, npollIe.n;llIyIO

.n;yry,n;JIMHOM a. ECJII1 0 < a < n, TO yrOJI AOB, 113MepeHHbIM B pa.n;l1aHax,

paBeH a. KpOMe Toro, ql1CJIaM a 11 a + 2kn .n;JI.H Bcex HaTypaJIbHbIX ql1-

ceJI k COOTBeTcTByeT o,n;Ha 11 Ta )f(e TOqKa B. �JI.H JII060ro nOJIO)!01TeJIbHO-

ro ql1CJIa a 6y.n;eM rOBOpI1Tb, qTO TOqKa B COOTBeTcTByeT yrJIY a. QT06bI

MO)f(HO 6billO paCCMaTpl1BaTb 11 OTpl1IJ;aTeJIbHble yrJIbI, 6y�eM Cql1TaTb,

qTO yrJIaM a + 2k n ,n;JI.H Bcex IJ;eJIbIX ql1ceJI k COOTBeTcTuyeT o.n;Ha 11 Ta )f(e

TOqKa. ECJII1 npOMTI1 no e,n;I1Hl1qHOH OKPY)I{HOCTI1 �yry .n;JII1HOM 2 n
-

a

npOTI1B qaCOBOM CTpeJIKI1, TO OKa)f(eUlbCH B TOM )Ke TOqKe, qTO 11 npOMM

,n;yry.n;JII1HOM a no qaCOBOM CTpeJIKe. 003TOMY TOQKI1, COOTBeTCTByIOIIJ;l1e

yrJIaM a 11
-

a, CI1MMeTpl1qHbI OTHOCJ;lTCJI bHO OCM a6cIJ;l1cc.

QI1CJIO, paBHoe op,n;I1HaTe TOq[{H e/JJ1HMqHOM OKp�HOCTI1, COOTBeT-

CTByIOIIJ;eM yrJIY a, H33bIllalOT CllIlYCOJ\1 3Toro yrJIa 11 0603HaqalOT sin a.

QI1CJIO, paBHoe a6cl�HcCC TOllI{H C/J.HHM{IHOM OKp�HOCTI1, cooTBeTcTBY-

lO�eM yrJIY a, I-Ia3bIB�lIOT KOClIllYCOM 3Toro yrJIa 11 0603HaqalOT cos a.

�JI.H JII060ro YI'JI£l (1 BhIlIOJIHHeTC.H OeHOBHoe mpu2oHOMempU1.£eeKOe

mOJKOeemBO

sin
2

a + cos
2

a == 1.

�JI.H JII060ro yrJIa a BbInOJIHHIOTC.H paBeHcTBa

sine -a) == - sin a 11 cos( -a) == cos a,
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a TalOKe paBeHcTBa

sin(n + a) == - sin a 11 cos(n + a) == -

cos a.

SIn a n

QI1CJIO, paBHoe -, r.n;e at
_

2
+ kn (qI1CJIO k IJ;eJIoe), Ha3bIBalOT

cosa

maH2eHeOM yrJIa a 11 0603HaqalOT tg a. QI1CJIO, paBHoe C?S
a

, r.n;e at kn
Slna

(qI1CJIO k IJ;eJIoe), Ha3bIBalOT KomaH2eHeOM yrJIa a 11 0603HaqalOT ctg a.

�JI.H JII06bIX yrJIOB a 11 (3 cnpaBe.n;JII1BbI paBeHcTBa

sin(a + (3) == sin a cos {3 + cos a sin (3,

cos(a + (3) == cos a cos {3
- sin a sin {3.

IT 6
.

2
. a a

rL-'IJI.H JIIO oro yrJIa a BbInOJIIDIIOTC.H paBeHCTBa SIn a == SIn
2

cos
2

11 cos a == 2 cos
2

�
- 1.

TpHrOHOMeTpHqeCKHe To�eCTBa

25.1. �OKa)f(I1Te, qTO

sin 3x == 3 sin x
- 4 sin

3
x 11 COS 3x == 4cos

3
X

- 3 cosx.

25.2. �OKa)f(I1Te, qTO

CDS x + sin x = J2 sin (x + � ) 11 COS X
- sin x = J2 CDS (x + � ).

25.3. KaKoe Hal160JIbllIee KOJIl1qeCTBO pa3JII1qHbIX 3HaqeHI1M MO)KeT

npl1HI1MaTb ql1CJIO sin � ,
eCJII1 3a.n;aHO ql1CJIO a == sin x?

25.4. KaKoe Hal160JIbllIee KOJIl1qeCTBO pa3JII1qHbIX 3HaqeHI1M MO)f(eT

npl1HI1MaTb ql1CJIO sin � ,
eCJII1 3a.n;aHO ql1CJIO a == sin x?

25.5. �OKa)f(I1Te, qTO

3 (sin
4

x + cos
4

x) - 2(sin
6

x + cos
6

x) == 1.

25.6. ,lJ;oKmKI1Te, qTO sin 10° sin 40° sin 50° = � sin 20° .

25.7. MO)f(HO JIM BbI6paTb ql1CJIO a TaK, qT06bI qMCJIO cos(2na) 6bmo

OTpl1IJ;aTeJIbHbIM ,l];JI.H Bcex HaTypaJIbHbIX n?

TaHreHC H KOTaHreHC

sin 2x
25.8. �OKa)f(I1Te, qTO tg x ==

2 + l
'

eCJII1 cos x t o.
cos x

25.9. ,lJ;oKmKI1Te, qTO (1 +tgx) (1 +tg( � -x)) =2.

cosx+sinx

(
n

)25.10. �OKa)f(I1Te, qTO .

== tg
4

+ x .

cosx
-

Slnx
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25.11. �OKa)KMTe, qTO ctg x
-

tg x == 2 ctg 2x.

25.12. �OKa)f(I1Te, qTO

tgx + 2 tg 2x + 4tg4x +... + 2
n

tg 2
n

x ==

ctgx
- 2n+1 ctg 2n+1 x.

sln(m - n)x
25.13. �OKa)f(I1Te, qTO tg mx

-

tg nx ==
.

cos mx cos nx

25.14. �OKa)f(I1Te, qTO

1
+

1
+ +

1

cos x cos 2x cos 2x cos 3x
...

cos(n -1)x cos nx

25.15. �OKa)f(I1Te, qTO ctg 30° + ctg 75° == 2.

tgnx-tgx

Slnx

TaHreHC C)'MMhI

tgx+tgy
25.16. �OKa)f(I1Te, qTO tg(x + y) ==

1
.

-tgxtgy

25.17. TIYCTb tgx= � 11 tgy=�. HaHp;I1Te tg(x+ y).

1 1 1 1 OJ

25.18. nYCTb tg x ==

3' tg Y
==

5
' tg z ==

"7
11 tg w ==

8.
Ha�I1Te

tg(x+y+z+w).

25.19. TIYCTh \"� X = k J.1 t� Y
= 2;9 ' HaM�I1Te tg( 4x -

y).

25.20. HaH/�J;l'l'e tg (x + y), CCJII1 tg x + tg Y
==

P 11 ctg x + ctg y
==

q.

25.21. �OIGt)I{HTe, {ITO eCJII1 (1 +tgx)(l +tgy) ==2, TO tg(x+ y) == 1

25.22. l�oIGt)I{HTe, LITO eCJIM tg(x
-

y) + tg(y
- z) + tg(z

- X) == 0, TO

O.n;HO 113 \1 HCeJI t g x, tg y, tg z paBHO .n.pyrOMY.

npOH3Be�eHHe KOCHHYCOB

25.23. )�OIGt)I{HTe, QTO eCJII1 sin x t 0, TO

n-l sin(2
n

x)
cos x cos(2x) cos( 4x)... cos(2 X) ==

2
n

. .

Slnx

2n 4n 8n 1
25.24. ,l].oIG.t)l{I1Te, qTO cos

7
cos

7
cos

7
==

8.
2n 4n 8n 1

25.25. �OI{<nKI1Te, qTO cos
9

cos
9

cos
9

== -

8.

CHUYChI H KOCHHYChI HeKOTophIX yrJIOB

25.26. BbI\II1CJII1Te cos 15° .

25.27. BbIql1CJII1Te sin 15°.

25.28. BbIql1CJII1Te cos 36°.

25.29. BbIql1CJII1Te sin 18°.

25.30. ,ZJ;oKa}f(I1Te, QTO cos 36° = sin 18° + � .

25.31. BbIql1CJII1Te sin 6°.



rJIaBa 26

TpHrOHOMeTpHQeCKHe ypaBHeHH.H

H HepaBeHCTBa

HepaBeHCTBa H cpaBHeHHe qHCeJI

26.1. �OKa)f(I1Te, qTO eCJII1 0 < a < � ,
TO sin a + cos a > 1.

26.2. HaM.n;MTe Hal160JIbllIee 11 Hal1MeHbllIee 3HaqeHI1e <pyHKIJ;1111

f(x) == asinx+bcosx.

26.3. �OKa)f(MTe, qTO eCJII1 0 < a < � ,
TO sin a < a < tg a.

1T

26.4. �OKa)f(I1Te, qTO eCJII1 0 < a < {3 <
2

'
TO tg a

-

a < tg {3
-

(3.

26.5. �OKa)f(I1Te, qTO eCJII1 0 < a < � ,
TO sin(cos a) < cos(sina).

1T
26.6. �OKa)f(I1Te, qTO eCJIM 0 < Xl < x

2
< ... < x

n
<

2"
11 n > 1, TO

sinx} + ... + sinx
n

tgxI < < tgx n
.

COS X I + . .. + cos X
n

26.7. CpaBHI1Te ql1CJIa tg 55° 11 1,4.

YpaBHeHHH

26.8. PellIMTe ypaBHeHl1e 3 - 7 cos
2

X sinx - 3 sin
3

X == o.

26.9. PellII1Te ypaBHeHl1e x
2

+ 2x sin(xy) + 1 == O.

BcnOMOraTeJIhHhIe TpHroHOMeTpUqeCKUe <l>YHKQHH

26.10. HaM.n;I1Te Hal160JIbllIee 3HaqeHI1e BbIpa)f(eHI1.H

X J 1 - y2 + Y J 1 -

x
2

.

26.11. PellII1Te cI1cTeMY ypaBHeHI1M

2x + x
2

Y
==

y,

2y + y2z ==
z,

2z + Z2 x == x.
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26.12. PellII1Te CI1CTeMY ypaBHeHI1M

X3 - 3x ==

y,

y3 -

3y ==
z,

z3-3z==x.

26.13. PellII1Te cI1cTeMY ypaBHeHI1M

{
3 ( x + � ) = 4 (Y + � ) = 5 ( z + � ) ,

xy+ yz+zx == 1.

J3x n

- 1
26.14. nYCTb xn+l

==

J3
npl1 n � 1. �OKa)f(I1Te, qTO x

n +6 ==x
n

.

xn+ 3

Pa3HhIe 3a�aqH

26.15. YrOJI x 3aKJIIOqeH Me)l(,l.J;Y � H 11:, sin x + cas x = � . HaH,n;HTe

SIn x
-

COS x.

26.16. �OKa)f(I1Te, qTO

111

sin 45° sin 46°
+

sin 47° sin 48°
+ ... +

sin 133° sin 134°

1

sin 1
°

.
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TpHrOHOMeTpHQeCKHe To�eCTBa

npOH3Be�eHUH H C)'MMhI CHHYCOB H KOCHHYCOB

27.1. ,lI,oKmKHTe, qTO sinxcosy= �(sin(x- y) +sin(x+ y)).
1

27.2. �OKa)f(I1Te, qTO cosx COS Y
==

"2
(cos(x + y) + cos(x -

y)).

27.3. ,lI,oKmKHTe, qTO sin x siny = � (cos(x -

y)
-

cos(x + y)).

2
..

2
. x+y x-y

7.4. �OKa)f(I1Te, qTO SIn x + SIn y
== SIn

2
COS

2
.

2 5
..

2
. x-y x+y

7. · �OKa)f(MTe, qTO SIn x
-

siny
== SIn

2
COS

2
.

x+y x-y
27.6. �OKa)f(MTe, qTO cos x + cos Y

== 2 cos
2

cos
2

.

2 2
. x+y . x-y

7.7. �OKa)f(I1Te, qTO cosx
-

cos y
== -

SIn
2

SIn
2

.

npUMeHeHHH cl>OPMYJI CYMMhI H npoH3Be�eHHH

27.8. �OKa)f(MTe, '-ITO y
- sin y < x

- sin x .D;JIR 0 < Y < x < � .

27.9. ,lI,oKmKHTe, qTO sin 20° sin 40° sin 80° = V; .

6
sin 1

°

sin 3
0

?27.10. lITO OJIbllIe: .

20
I1JII1 .

40
.

SIn SIn

27.11. �OKa)f(MTe, qTO

4cosxcosy cosz == COs( -x+ y + z) + cos(x -

y + z) +

+ cos(x+ y
- z) + cos(x+ y + z).

27.12. �OKa)f(I1Te, qTO

4 sinx siny sinz ==

== sine -x+ y +z) +sin(x
-

y +z) + sin(x+ y
- z) - sin(x+ y +z).

27.13. �OKa)f(MTe, qTO

a+[3 [3+y y+a
cos a + cos {3 + cos y + cos (a + (3 + y) == 4 cos

2
cos

2
cos

-z.

27.14. �OKa)f(I1Te, qTO

. .

{3
. .

( (3 ) 4
. a+[3 . [3+y . y+a

SIn a + SIn + SIn y
-

SIn a + + Y
== SIn

2
SIn

2
SIn

-z.
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27.15. �OKa)f(I1Te, qTO

cos a + cos2a + cos 3a + ... + cosna ==

. (2n + l)a . a

SIn
-

SIn
-

2 2

2
. a

SII1

2

2n 4n 6n
27.16. BbIqMCJII1Te cos

7"
+ cos

7
+ cos

7".
27.17. �OKa)f(I1Te, qTO

. na . (n + l)a
SIn

-

SIn

sin a + sin2a + sin3a + ... + sinna == 2. a

2

SIn
-

2

u sin5x sin3x 6
27.18. Hal1,lJ;I1Te .

,
eCJIM

5
.

SIn x SIn x

27.19. �OKa)f(MTe, qTO

2 sin 2° + 4 sin 4° + . .. + 178 sin 178° == 90 ctg 1
°

.

27.20. �OKa)f(I1Te, qTO

sin 10° sin 16° sin 24° == sin 2° cos 4° sin 34°.

TaHreHC nOJIOBHHHOro yrJIa

CUHye U KOeUHye MOJ1CHO npeoemaBumb B Buoe pal1UOHaJlbHOU r[JYHK-

I1UU om maH2eHea nOJlOBUHH020 Y2Jla (3aoal£a 27.21). 3mo n03BOJLflem

npeoemaBumb BbLpaJ1CeHUe, B Komopoe BxooRm sinx U cosx, KaK pal1u-
x

OHaJlbHOe BbLpaJ1CeHUe om tg
2

.

27.21. npe.n;cTaBbTe sin x M COS X B BM.n;e paIJ;MOHaJIbHbIX BbIpa)f(eHMM
x

OT tg
2

.

1 + tg x
.

27.22. PellII1Te ypaBHeHl1e
1

== 1 + SIn 2x.

1

-

tgx
1

27.23. HaM.n;I1Te ---:--+ctgx, eCJII1 -+tgx==k.
SIn x cosx

27.24. �OKa)f(MTe, qTO eCJII1 cos x t 0, TO ql1CJIO tg x paIJ;MOHaJIbHO

Tor.n;a M TOJIbKO Tor.n;a, Kor.n;a 06a qMCJIa sin 2x 11 COS 2x paIJ;110HaJIbHbI.

COOTHOllIeHHH �JllI yrJIOB C �aHHoH C}'MMOH

27.25. nYCTb x + Y + z == o. �OKa)f(I1Te, qTO

sin2x+sin2y+sin2z == -4sinxsinysinz.

27.26. nYCTb x + y + z == o. �OKa)f(I1Te, qTO

cos2x+ COS 2y + cos 2z + 1 == 4cosxcosy cosz.
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B 3a.n;aqaX 27.27-27.32 .n;OKa)f(I1Te )'Ka3aHHoe paBeHcTBo .n;JI.H yrJIOB

a, {3 11 y, CBR3aHHbIX COOTHOllIeHl1eM a + {3 + Y
== 1r. B qaCTHOCTM, Bce

TaKMe paBeHcTBa BbInOJIH.HIOTC.H, Kor.n;a a, {3, y
-

yrJIbI TpeyrOJIbHI1Ka.

27.27. cos 2a + cos 2{3 + cos 2y + 4 cos a cos {3 cos y + 1 == o.

27.28. cos
2

a + cos
2

{3 + cos
2

y + 2 cos a cos {3 cos y
== 1.

27.29. sin 2a + sin 2{3 + sin 2y == 4 sin a sin {3 sin y.

27.30. tg a + tg {3 + tg Y
==

tg a tg {3 tgy.

27.31. ctg a ctg {3 + ctg {3 ctg y + ctgy ctg a == 1.

1
27.32. ctga+ctg{3 +ctgy==ctgactg{3 ctgy+ . .

f3.
.

SIn a SIn SIn y
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llpH6JIHmeHHbIe BbIQHCJIeHH.H

OCHOBHhIe 4>aKThI H nOH.HTHH

ECJIM ql1CJIO a MaJIO OTJIMqaeTC.H OT qMCJIa x, TO qMCJIO a Ha3bIBalOT

npU6JlUJKeHUeM I1JII1 npU6JlUJKeHHbLM 3Ha1.£eHUeM ql1CJIa x 11 rOBOp.HT, qTO

qMCJIO x npU6JlUJKeHHO paBHO a. �JI.H npI16JIM)f(eHHOrO paBeHCTBa MC-

nOJIb3)'IOT 0603HaQeHI1e Rj.

A6eoJlJOmHOu. n02peWHoembJO npM6JII1)f(eHHOrO paBeHCTBa x Rj a Ha-

3bIBalOT BeJIl1ql1HY la - xl. 3anl1Cb x == 1,2l7:f: 0,001 03HaqaeT, qTO a6-

COJIIOTHa.H norpelliHocTb npI16JIM)f(eHHOrO paBeHcTBa x Rj 1,217 He npe-

BOCXO.n;MT 0,001. BepHOu. 4UcjjPOU. npM6JIM)f(eHHOrO 3HaqeHMe Ha3bIBalOT

IJ;11<PPY JII060ro pa3p.Hp;a, eCJII1 a6COJIIOTHa.H norpelliHOCTb He npeBOCXO-

.n;I1T e.n;MHI1IJ;bI 3Toro pa3p.H.n;a.

"4MCJIO h Ha3bIBalOT 04eHKOU. n02peWHoemu npU6JlUJKeHUfl x Rj a, eCJII1

h�la-xl.
ECJIM al � x � a2, TO ql1CJIO a

l Ha3bIBalOT npU6JlUJKeHUeM e Heoo-

emamKOM I1JII1 npU6JlUJKeHUeM eHU3Y, a qMCJIO a2 Ha3bIBalOT npu6Jlu-
JKeHUeM e u36bLmKOM I1JII1 npU6JlUJKeHUeM eBepxy.

OmHoeume.nbHOu. n02peWHoembJO npM6JIM)f(eHHOrO paBeHCTBa x � a

la-xl
Ha3bIBalOT BeJIMql1HY

Ixl
. 06paTMTe BHI1MaHl1e, qTO 3.n;eCb x -

qMCJIO,

KOTopoe MbI XOTI1M npI16JIM)f(eHHO BbIqI1CJIMTb.

BhIqHCJIeHHH C 3ap;aHHOH norpelliHOCThlO

B 3a.n;aqaX 28.1-28.4 Y YKa3aHHbIx qMCeJI Tpe6yeTC.H BbIql1CJII1Tb nep-

BbIe 20 3HaKOB nOCJIe 3an.HToM.

28.1. J 1 - (0,1)20.

28.3. (5 - J26 )20.

28.2. ( J lOOl- J lOOO)12.

28.4. (5 + J26 )20.

O:QeHKa a6COJIIOTHOH norpelliHocTH

28.5. nYCTb al
= 1 H a

n +1
= � ( an +

a

2

n ) TIPH n? 1. ,lI,oKmKI1Te, 'I'I'O

as OTJIl1qaeTC.H OT J2 MeHee qeM Ha 10-10.



26 28. npl16JII1)KeHHbIe BbIql1CJIeHI1H

28.6. IIycTb a}
= 1 H an+l

= � ( an +
1

2 ) I1PH n � 1. ,lI;oKmKHTe, 'ITa

an

as OTJIl1qaeTC.H OT V2 MeHee qeM Ha 10-
8

.

O:QeHKa OTHOCHTeJIhHOH norpelliHocTH

28.7. �OKa)f(MTe, qTO eCJII1 OTHOCI1TeJIbHbIe norpelliHOCTI1 npM6JIM-
)f(eHHbIX paBeHCTB Xl Rj al 11 X2 Rj a2 paBHbI 0l 11 02, TO OTHOCI1TeJIbHa.H

norpelliHOCTb npM6JII1)f(eHHOrO paBeHCTBa Xl X2 Rj al a2 He npeBOCXO.D;I1T

5
1 +5 2 +0 1 0 2 .

28.8. �OKa)f(I1Te, qTO eCJIM ql1CJIa X I, X2 M a2 OTJIMqHbI OT HYJI.H 11 OT-

HOCI1TeJIbHbIe norpelliHOCTI1 npI16JII1)f(eHHbIX paBeHCTB X I
Rj a I 11 X

2
Rj a2

paBHbI °
1

M ° 2 ,
TO OTHOCMTeJIbHa.H norpelliHOCTb npI16JII1)f(eHHOrO pa-

Xl al X2
BeHCTBa

- Rj -

He npeBocxo.n;MT (5 1 + ° 2 ) -

.

X2 a2 a2

O:QeHKH KBa�paTHhIX KopHeH cBepxy H CHH3Y

28.9. nYCTb m
1

== 3, n2
== 2 M mk+1

== 3mk + 4nk, nk+l
== 2mk + 3nk

npM k � 1. �OKa)f(MTe, qTO

a) m�
-

2n� == 1; 6)
mk

_

1
< V2 <

mk
.

nk mknk nk

28.10. nYCTb ml
== 1, n2

== 1 M mk+l
== 3mk + 4nk, nk+l

== 2mk + 3nk

npl1 k ? 1. �OKa)f(MTe, qTO

a)m
2

-2n
2

==-1; 6)
m k

<V2<
m k

+
1

.

k k
nk nk mknk

239 M 99
28.11. �OKa)f(I1Te, qTO

169
< v 2 <

70
.

28.12. nYCTb ml
== 2, n

2
== 1 11 mk+l

== 2mk + 3nk, nk+l
==

mk + 2nk

npM k � 1. �OKa)f(MTe, qTO

a) m�-3n�==1; 6)
mk

_

1
< J3 <

mk
.

nk mknk nk

28.13. nYCTb ml
== 1, n

2
== 1 M mk+l

== 2mk + 3nk, nk+l
==

mk + 2nk

npM k � 1. �OKa)f(MTe, qTO

a) m
2

- 3n
2

== -2; 6)
mk

< J3 <
mk

+
2

.

k k
nk nk mknk

71 M 97
28.14. �OKa)f(MTe, QTO

41
< v 3 <

56
.
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MeTOA MaTeMaTHQeCKOH HHAYK�HH

OCHOBHbIe 4>aKTbI H nOHHTHH

Memoo MameMamU1.£eeKOU UHOYK4UU I1CnOJIb3yeTC.H .n;JIR .n;OKa3aTeJIb-

CTBa yrBep)f(,lJ;eHI1M AI' A 2 , ..., An' ..., 3aBMC.H�I1X OT HaTypaJIbHOrO na-

paMeTpa n, Ha3bIBaeMoro napaMempOM UHOYK4UU. npl1 3TOM CHaqaJIa

.n;OKa3bIBaeTC.H yrBep)f(,lJ;eHl1e Al (6a3Ue UHOYK4UU), a 3aTeM .n;OKa3bIBa-

eTC.H, qTO eCJIM k ? 1 11 BepHbI yrBep)f(,lJ;eHI1.H AI' A
2 , ...,

A k ,
TO BepHO

11 yrBep)f(,lJ;eHl1e Ak+l (wa2 UHOYK4UU). TaKoe .n;OKa3aTeJIbCTBO Ha3bIBa-

lOT UHOYK4ueu no n.

OqeHb qaCTO npl1 .n;OKa3aTeJIbCTBe llIara l1H)J;yKIJ;1111 MCnOJIb3yIDTC.H He

Bce yrBep)f(,lJ;eHI1.H A I, A 2 , ...,
A k ,

a TOJIbKO yrBep)f(,lJ;eHl1e Ak. Ho I1Hor.n;a

6bIBalOT H)')KHbI 11 Bce yrBep)f(.n;eHI1R AI' A
2 , ..., Ak.

I1Hor.n;a 6bIBaeT TaK, qTO Tpe6yeMoe yrBep)f(.n;eHMe HeJIb3.H .n;OKa3aTb

no 11H)J;)'KIJ;I1I1, HO 3aTO MO)f(HO .n;oKa3aTb no MHAyKIJ;MI1 60JIee CI1JIbHOe

yrBep)f(,lJ;eHl1e, M3 KOToporo Tpe6yeMoe CJIe.n;yeT OqeBI1.n;HbIM 06pa30M.

npl1Mep TaKoro yrBep)f(,lJ;eHI1.H .n;aeT 3a.n;aqa 29.15.

BhIqUCJIeHUe CyMM If npou3Be�eHuH

29.1. �OKa)f(MTe l1H)J;yKIJ;l1eM no n, qTO 1 + 3 + 5 + ... + (2n -1) == n
2

.

29.2. �OKa)f(I1Te, qTO .n;JI.H JII060ro HaTypaJIbHOrO n BbInOJIH.HeTC.H pa-

BeHCTBO

12+22+3
2

+...+n2 = n(n+1�(2n+1) .

29.3. �OKa)f(I1Te, qTO .n;JI.H JII060ro HaTypaJIbHOrO n BbInOJIIDIeTC.H pa-

BeHCTBO

1
2

+ 3
2

+ 52 +... + (2n -1)2 =
n(2n

-1�(2n
+ 1)

.

29.4. �OKa)f(MTe, qTO

1.2+2.3+3.4+...+(n-l)n = (n-l)�(n+l) .

29.5. �OKa)f(MTe, qTO c)'MMa 1
3

+ 2
3

+ 3
3

+ ... + n
3

RBJUICTCH I(Ba/�p(l-

TOM qMCJIa 1 + 2 + 3 + ... + n.
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29.6. BbIql1CJII1Te CYMMY 1. I! + 2. 2! + ... + n. n!.

29.7. �OKa)f(I1Te, qTO

1.2. 3 + 2. 3. 4 + 3. 4. 5 + ... + n(n + l)(n + 2) =
n(n +

1)(n:2)(n
+3)

.

29.8. BbIql1CJII1Te np0l13Be.n;eHl1e

( 1 -

�) ( 1 -

� ) ( 1 - 116 )'" ( 1 -

n
I2 )'

�OKa3aTeJIhCTBO HepaBeHcTB

1 1 1 1
29.9. �OKa)KI1Te, qTO 1 +

4
+

9
+... +

n
2

< 2 -

n

.

29.10. �OKa)f(MTe, qTO .n;JI.H JII060ro HaTypaJIbHOrO n> 1 BbInOJIIDIeT-

C.H HepaBeHcTBo

1 1 1
�

7

n+l
+

n+2
+...+

2n
:;;.-'"

12
.

29.11. �OKa)f(I1Te HepaBeHcTBo Vii � V3 .n;JI.H JII060ro HaTypaJIbHO-

ro n.

29.12. �OKa)f(I1Te, qTO eCJIM a > -1, a -=I 0 11 n � 2 -

HaTypaJIbHOe

qI1CJIO, TO (1 + a)n > 1 + na.

29.13. �OKa)f(MTe, qTO npl1 n � 2 BbInOJIH.HeTC.H HepaBeHcTBo

1 1 1 �

JI
+

J2
+ ... +

JTi
> v n.

29.14. �OKa)f( I1Te, qTO

2( V n + I - 1 ) < JI + Jz +...+ 3n < 2VTl.

29.15. �OKa)f(I1Te, qTO

1 3 5 2n - 1 1

2"
.

4
.

6

.

...

.

2n
<

v3n
.

29.16. �OKa)f(I1Te, qTO,ll;JI.H JII060ro HaTypaJIbHOrO n � 2 BbInOJIH.HeT-

C.H HepaBeHcTBo nn > (n + l)n-l.
29.17. �OKa)f(I1Te, qTO

IsinxII+...+lsinxnl+lcos(XI +...+xn)1 � 1.

29.18. nYCTb n > 1- HaTypaJIbHOe ql1CJIO M a > b > O. �OKa)f(I1Te,

(
a + b

)
n

an + b
n

qTO
--Z

<
2

.

29.19. CpaBHMTe ql1CJIa V 60 11 2 + V7.
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�eJIHMOCTb

29.20. �OKa)f(I1Te, qTO cYMMa Ky60B Tpex nOCJIe.n;OBaTeJIbHbIX HaTY-

paJIbHbIX qMCeJI .n;eJIMTC.H Ha 9.

29.21. �OKaJKI1Te, qTO ql1CJIO 11.. .1, COCTO.H�ee 113 3
11

e.n;I1HI1IJ;, .n;e-

JIMTC.H Ha 3
n

.n;JI.H JII060ro HaTypaJIbHOrO n.

Pa3HhIe 3a�aqH

29.22. �OKa)f(I1Te paBeHcTBo

111 1 1 1 1 1
1 -

2
+

3"
-

4
+ . . . +

199

-

200
==

101
+

102
+ .. . +

200
.

29.23. Cym;ecTByroT JII1 10 pa3JII1qHbIX HaTypaJIbHbIX ql1ceJI, cYMMa

KOTOpbIX .n;eJIMTC.H Ha Ka)K)J;Oe 113 HI1X?

29.24. �OKa)f(I1Te, qTO

V 2 + J 2 + . .. + J 2 + J6 =

2

"J 2 + V3 +
2

"J 2 - V3 .

� J

-v-

11

29.25. �OKa)KMTe, QTO

...J 2+ J 2+ ... + V2+ �
= 2cos 2:] .

-v-

n

29.26. B BarOHe noe3.n;a e.n;yr HeCKOJIbKO My.n;peIJ;OB. Kor.n;a noe3.n;

npoexaJI T)'HHeJIb, B OKHa nonaJIa nbIJIb. BOllIeJI npOBo.n;HI1K 11 CKa3aJI:

«Y HeKOTopbIX 113 Bac I1CnaqKaJIMCb JII1IJ;a. K CO)f(aJIeHI1IO, B noe3.n;e HeT

BO.n;bI. Ho CeMqaC 6y.n;yr 60JIbllII1e OCTaHOBKI1, n03TOMY MO)f(HO 6y.n;eT
BbIMTI1 M3 noe3.n;a 11 YMbITbC.H». Ha n - M OCTaHOBKe I1CnaqKaBllIl1eC.H MY.n;-

peIJ;bI BbIllIJIl1 M3 noe3.n;a, qT06bI YMbITbC.H. CKOJIbKO My.n;peIJ;OB I1CnaqKa-

JIOCb? (My.n;peIJ; l1.ZJ;eT YMbIBaTbC.H Tor.n;a 11 TOJIbKO Tor.n;a, Kor.n;a OH TOqHO

3HaeT, qTO I1CnaqKaJIC.H.)

29.27. I1rpYIIIKa «XaHOMCKl1e 6a1lIHI1» MMeeT Tpl1 CTep)f(H.H. Ha o.n;-

HOM Haxo.n;I1TCH nl1paM�Ka 113 n KOJIeIJ; (YMeHbllIalO�I1XCH CHI13Y BBepx).

3TY nl1paMI1.ZJ;KY H)')KHO nepeJIO)f(I1Tb Ha .n;pyrOM CTep)f(eHb, C06JIIO.n;a.H

CJIe.n;yro�l1e npaBI1JIa I1rpbI: HeJIb3.H nepeHOCI1Tb cpa3Y HeCKOJIbKO KOJIeIJ;

11 HeJIb3.H KJIaCTb 60JIbllIee KOJIbIJ;O nOBepx MeHbllIero. �OKa)f(I1Te, qTO

3TO MO)f(HO c.n;eJIaTb 3a 2
n

- 1 XO.n;OB.

29.28. �OKa)f(MTe, qTO .n;JI.H nepeKJIa.n;bIBaHM.H xaHoMcKoM 6alIlI-fM M:J

n KOJIeIJ; Tpe6yeTC.H He MeHee 2
n

- 1 XO.n;OB.
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I1H�YK�H.H B o6paTHoM HanpaBJIeHHH

I1Hor.n;a pacc)')K,ZJ;eHI1.H no l1H.ZJ;yKIJ;l1n npOBOMTC.H B 06paTHoM Ha-

npaBJIeHI1I1: CHaqaJIa .n;JI.H HeKoToporo HaTypaJIbHOrO ql1CJIa N .n;oKa3bI-

BaeTC.H YTBep)l(,ll;eHl1e AN' a 3aTeM .n;oKa3bIBaeTC.H, qTO eCJII1 2 � k � N

11 BepHbI YTBep)l(,ll;eHI1.H AN, AN -I' ...,
A k ,

TO BepHO 11 YTBep)l(,ll;eHl1e A k - l
.

l1H.ZJ;yKIJ;I1H B 06paTHOM HanpaBJIeHl111 MO)f(eT COqeTaTbC.H C 06bIqHOM

l1H.ZJ;yKIJ;l1eM CJIe.n;yroIIJ;I1M 06pa30M. CHaqaJIa no l1H.ZJ;yKIJ;1111 YTBep)l(,ll;eHl1e

.n;OKa3bIBaeTC.H He .n;JI.H Bcex HaTypaJIbHbIX n, a TOJIbKO .n;JI.H HeKOTopbIX,

Hanpl1Mep .n;JI.H CTeneHeM .n;BOMKI1. A 3aTeM )')Ke YTBep)l(,ll;eHl1e .n;OKa3bIBa-

eTC.H .n;JI.H Bcex HaTypaJIbHbIX n l1H.ZJ;yKIJ;l1eM B 06paTHoM HanpaBJIeHI1I1.

29.29. �OKa)f(I1Te, qTO .n;JI.H JII060ro HaTypaJIbHOrO n � 2 BbInOJIH.HeT-

CH HepaBeHcTBo

V n V en+1) V...Jn+k < n+l.

29.30. Ql1cJIa aI, a
2 , ..., an nOJIO)f(I1TeJIbHbIe. �OKa)f(I1Te HepaBeH-

emBO MeJKOY epeOHUM apucjjMemU1.£eeKUM U epeOHUM 2eOMempU1.£eeKUM

al +... +a
n

V al...a n �
n

a) .n;JI.H ql1ceJI BI1.n;a n == 2
m

; 6) .n;JIH Bcex HaTypaJIbHbIX n.

29.31. �OKa)f(I1Te, qTO qMCJIa 1, 2, ...,
n MO)f(HO 3anl1CaTb B TaKOM no-

p.H.n;Ke, qTO Me)l(,ll;Y JII06bIMI1 .n;BYWI ql1CJIaMI1 He 6y.n;eT pacnOJIO)f(eHO I1X

cpe.n;Hee apl1<pMeTl1qeCKoe.
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nOCJIeAOBaTeJIbHOCTU qUceJI

OCHOBHbIe cl>aKTbI H IIOHHTIDI

ECJII1 Ka)f(,ZJ;OMY HaTypaJIbHOMY ql1CJIY n conOCTaBJIeHO HeKOTopoe

ql1CJIO X
n ,

TO rOBOp.HT, qTO 3a.n;aHa nOeJleOOBameJlbHOemb 1.£UeeJl Xl' X
2 ,

. .

.,
X

n ,
... 3TY nOCJIe.n;OBaTeJIbHOCTb ql1ceJI I1Hor.n;a 0603HaqalOT {Xn}.

ECJII1 ql1CJIa X
n

conOCTaBJIeHbI He BceM HaTypaJIbHbIM ql1CJIaM n,

a TOJIbKO ql1CJIaM OT 1 .n;o N, TO rOBOp.HT, qTO 3a.n;aHa KOHe1.£HWl nOeJle-

OOBameJlbHOemb 1.£UeeJl Xl' X
2 , ...,

X
N

.

QI1CJIa Xl' X2, ...,
X

n ,
... Ha3bIBalOT 1.£JleHaMU nOeJleOOBameJlbHOemU.

nOCJIe.n;OBaTeJIbHOCTb {X n } Ha3bIBalOT B03paemalOl1{eu., eCJII1 X
n + I

> X
n

.n;JI.H BCeX HaTypaJIbHbIX n. nOCJIe.n;OBaTeJIbHOCTb {X n } Ha3bIBalOT y6bLBa-

lOl1{eu., eCJII1 X
n + I

< X
n ,ZJ;JI.H BCeX HaTYPaJIbHbIX n. nOCJIe.n;OBaTeJIbHOCTb {X n }

Ha3bIBalOT Hey6bLBalOl1{eu., eCJII1 X
n +] ? X

n .n;JIH BCeX HaTypaJIbHbIX n. nO-

CJIe.n;OBaTeJIbHOCTb {X n } Ha3bIBalOT HeB03paemalOl1{eu., eCJII1 X
n + I � X

n

.n;JI.H BCeX HaTypaJIbHbIX n.

nOCJIe.n;OBaTeJIbHOCTb Ha3bIBalOT MOHOmOHHOu., eCJII1 OHa B03paCTa-

1O�a.H, y6bIBalO�a.H, Hey6bIBalO�a.H I1JII1 HeB03paCTalO�a.H.

nOCJIe.n;OBaTeJIbHOCTb {X n } Ha3bIBalOT 02paHU1.£eHHOu. eBepxy, eCJII1 CY-

�ecTByeT TaKOe ql1CJIO C, qTO X
n � C .n;JIH BCeX n. nOCJIe.n;OBaTeJIbHOCTb

{X n } Ha3bIBalOT 02paHU1.£eHHOu. eHU3Y, eCJII1 cy�ecTByeT TaKOe ql1CJIO e,

qTO X
n

� e .n;JIH BCeX n.

KOHeqHhIe nOCJIe�OBaTeJIhHOCTH

30.1. HaM.n;I1Te np0l13Be.n;eHl1e Xl
.

X2
.

...

.

XS' eCJII1

Xl
== 119,

1

X2
==

Xl
'

2

X3
==

X2
'

3

X4
==

X3
'

. . .

,

7
Xs

== -.

X7

30.2. KIDK.n;bIM qneH nOCJIe.n;OBaTeJIbHOCTI1 aI, a2, ...,
a

IOO , KpOMe nep-

Boro 11 nOCJIe.n;Hero, .HBJI.HeTC.H np0l13Be.n;eHl1eM .n;BYX coce.n;HI1X C HI1M

qneHOB. HaM.n;I1Te ql1CJIO aIOO, eCJII1 113BeCTHO, qTO a
l

== 7 11 Bce �IJICllhl

nOCJIe.n;OBaTeJIbHOCTI1 OTJIl1qHbI OT HYJI.H.

30.3. PaCnOJIO)f(I1Te ql1CJIa OT 1 .n;o n
2

TaK, qT06bI B nOJIYIIcl-lIloi:1 110-

CJIe.n;OBaTeJIbHOCTI1 He 6bIJIO HI1 n + 1 qneHOB (He 06H33TCllhll0 IIOCJI<.'-



32 30. nOcne,n;oBaTeJIbHOCTI1 ql1cen

.n;OBaTeJIbHbIX), 06pa3yroIIJ;I1X B03paCTalOIIJ;yro nOCJIe.n;oBaTeJIbHOCTb, HI1

n + 1 qneHOB, 06pa3yroIIJ;I1X y6bIBalO�yro nOCJIe.n;oBaTeJIbHOcTb.

1
30.4. QI1CJIa p 11 q HaTypaJIbHbIe, Xl

==

p, X
2

==

q 11 Xn+2
== X

n

- -

Xn+l

npl1 n ? 1, eCJII1 xn+l t o. �OKa)f(I1Te, qTO 3Ta nOCJIe.n;OBaTeJIbHOCTb KO-

HeqHa.H, 11 yKa)f(I1Te HOMep qneHa, paBHoro HYJIIO.

EeCKOHeqHhIe nOCJIe�OBaTeJIhHOCTU

30.5. nYCTb an
== 1 11 a

n + I
==

an + 8n npl1 n � 1. �OKa)f(I1Te, qTO an
==

== (2n - 1)2
30.6. MO)f(eT JII1 6eCKOHeqHa.H B03paCTalO�a.H nOCJIe.n;OBaTeJIbHOCTb

6wTbOrpaHl1qeHHoM?
30.7. Cy�ecTByeT JII1 6eCKOHeqHa.H nOCJIe.n;OBaTeJIbHOCTb HaTypaJIb-

HbIX ql1ceJI, HI1KaKl1e Tpl1 qneHa KOTOpOM He MorYT 6bITb CTOpOHaMI1

o.n;Horo TpeyrOJIbHI1Ka?
1

n+l

30.8. ,lI;oKIDKHTe, qTO rrocne,n;OBaTeJIbHOCTb an
= ( 1 +

n ) y6blBa-

1OIIJ;a.H.

HepaBeHCTBa �JllI qJIeHOB nOCJIe�OBaTeJIhHOCTU

30.9. HaM.n;I1Te Hal160JIbllII1M qneH nOCJIe.n;OBaTeJIbHOCTI1 x
n

== �
- 1

.

1
n +1

30.10. nYCTb al =="2
11 an+l

==

an
-

a� npl1 n ? 1. �OKa)f(I1Te, qTO

1

an <
n + 1

npl1 n > 1.

1
30.11. nYCTb al

== 1 11 an+l
==

an + -

npl1 n � 1. �OKa)f(I1Te, qTO

v2n - 1 < an < v 3n - 2.
an

qUCJIa <l>u60HaqqU

B rJIaBe 14 3a.n;aqHI1Ka .n;JIH 8 KJIacca B CB.H311 C KOpH.HMI1 KBa.n;paTHoro

TpeXqneHa HaM )')Ke BCTpeqaJII1Cb 1.£UeJla CPu60Ha1.£1.£U

Fn =

3s ( C+2
vs

r
-

C-2
VS

r).
HanOMHI1M, qTO FI == 1, F 2

== 111 Fn == Fn-l + Fn-2 npl1 n � 3. HaqaJIo 3TOM

nOCJIe.n;OBaTeJIbHOCTI1I1MeeT BI1.n; 1, 1, 2, 3, 5, 8, 13, 21, ... 3.n;ecb MbI 06-

Cy.n;I1M HeKOTopbIe .n;pyrl1e CBOMCTBa 3TI1X ql1ceJI. QI1CJIa cl>1160Haqql1 e�e

BCTpeTHTCH HaM B rJIaBe 33.

30.12. a) �OKa)f(I1Te, qTO F� == FkFk+1
- F k - l Fk npl1 k ? 2.

6) �OKa)f(I1Te, qTO F� + Fi + ... + F; == FnFn+l.
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30.13. �OKa)KI1Te, qTO ql1CJIa Fn 11 Fn+l B3al1MHO npocTbIe.

30.14. �OKa)f(I1Te, qTO Fn+k == Fn-l Fk + FnFk+] (npl1 n ? 2 11 k � 1).

30.15. �OKa)f(I1Te, qTO F; + F;_l == F
2n - 1 npl1 n � 2.

PeKyppeHTHhIe nOCJIe�OBaTeJIhHOCTH

JIuHeuHWl peKyppeHmHWl nOeJleOOBameJlbHOemb - 3TO nOCJIe.n;OBa-

TeJIbHOCTb, 3a.n;aBaeMa.H .nuHeUHbLM peKyppeHmHbLM eoomHoweHueM

an
==

plan-l + P2 a
n-2 + ... + Pdan-d npl1 n > d

11 HaqaJIbHbIMI1 q]JeHaMI1 aI, a2, ..., ad. 3.n;eCb PI' ..., Pd
-

HeKOTopbIe

ql1CJIa, npl1qeM Pd to. l.{I1CJIO d Ha3bIBalOT nOp.flOKOM nOCJIe.n;OBaTeJIbHO-

CTI1. JII1HeMHbIe peKyppeHTHbIe nOCJIe.n;OBaTeJIbHOCTI1 Ha3bIBalOT TalOKe

B03BpamHbLMU nOeJleOOBameJlbHOe11lflMU. B 3TOM naparpa<pe 06cf)K.n;a-
IOTC.H JII1HeMHbIe peKyppeHTHbIe nOCJIe.n;OBaTeJIbHOCTI1 nopH.n;Ka 2 11 BbI-

.HCH.HeTCH CB.H3b Me)K,lJ;Y peKyppeHTHoM nOCJIe.n;OBaTeJIbHOCTblO

an
==

pan-l +qa n -2

M KOpH.HMI1 ypaBHeHI1H x
2

==

px + q.

30.16. nYCTb al
== 2, a2

== 3 11 all
== 3a

n -1
- 2a

n -2 npl1 n � 3. �OKa)f(l1-

Te, qTO an
== 2

n -]
+ 1.

30.17. nYCTb a
l

== 3, a
2

== 7 11 a
n +l

==

an
-

a
n -] npl1 n � 2. Ha�I1Te

a
100

.

30.18. KOpHI1 Xl 11 x
2 KBa.n;paTHoro ypaBHeHM.H X2 ==

px + q pa3JIl1q-

HbI. �OKa)f(I1Te, qTO q]JeHbI nOCJIe.n;oBaTeJIbHOCTI1 an
== AX�-l + /-lX�-1

y.n;oBJIeTBOp.HIOT COOTHOllIeHl11O a
n +2

==

pa n + I + qa n
.

30.19. nOCJIe.n;oBaTeJIbHOCTb 3a.n;aHa rrepBbIMI1 .n;BYM.H q]JeHaMI1 al

11 a2 11 peKyppeHTHbIM COOTHOllIeHl1eM a
n +2

==

pa n + 1 + qX n npl1 n > 1.

KOpHI1 Xl 11 X2 KBa.n;paTHoro ypaBHeHI1.H X2 ==

px + q pa3JIl1qHbI. �OKa-

)f(I1Te, qTO MO:>KHO BbI6paTb ql1CJIa A 11 /-l TaK, qTO an
== AX�-l + /-lx�-]

.n;JI.H Bcex HaTypaJIbHbIX n.

30.20. Hai1:.n;I1Te nOCJIe.n;OBaTeJIbHOCTb, 3a.n;aHHyro .n;B)'M.H nepBbIMJ1

q]JeHaMI1 a
l

== 5, a2
== 111 peKyppeHTHbIM COOTHOllIeHl1eM

a
n +2

== -a
n + 1 + 6a

n

npl1 n> 1.

30.21. l.{l1cJIa a 11 b pa3JIl1qHbI. Hai1:.n;I1Te nOCJIe.n;OBaTeJIbHOCTh, :I�I

.n;aHHyro .n;B)'M.H nepBbIMI1 q]JeHaMM a]
== a + b, a

2
== a

2
+ ab + lJ2 (II P('I(YP

peHTHbIM COOTHOllIeHl1eM a
n +2

== (a + b)an-t-l
- aba

n npl1 17 >1.
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30.22. �OKa)KI1Te, qTO qneHbI nOCJIe.n;OBaTeJIbHOCTI1

an
== (A + n/-l)pn-l

y.n;OBJIeTBOpHIOT peKyppeHTHoMY COOTHOllIeHl11O a
n + 2

== 2pa n +1
-

p
2

a
n

.

30.23. nOCJIe.n;oBaTeJIbHOCTb 3a.n;aHa nepBbIMI1 .n;B}'M.H qneHaMI1 a
I

11 a2 11 peKyppeHTHbIM COOTHOllIeHMeM a
n +2

== 2pa n +1
-

p
2

a
n npl1 n> 1.

�OKa)f(I1Te, qTO npl1 p t 0 MO:>KHO BbI6paTb ql1CJIa A 11 /-l TaK, qTO an
==

== (A + n/-l)pn-l .n;JIH Bcex HaTypaJIbHbIX n.

30.24. HaM.n;I1Te nOCJIe.n;OBaTeJIbHOCTh, 3CVJ;aHH)'IO .n;B)'MH nepBbIMI1 qne-

HaMI1 al
== 3, a2

== 15 11 peKyppeHTHbIM COOTHOllIeHl1eM a
n +2

== 6a
n +1

- 9a
n

npl1 n> 1.

nOCJIe�OBaTeJIhHOCTh pa3HocTeH

nOCJIe.n;oBaTeJIbHOCTI1 aI, a2, a3, ... MO:>KHO conOCTaBI1Tb nOeJleOOBa-

meJlbHOemb pa3Hoemeu a2
-

aI, a
3

-

a2, a
4

-

a3, ... Ey.n;eM 0603HaqaTb

HOByro nOCJIe.n;OBaTeJIbHOCTb �al' �a2' �a3' ... 3aTeM MO)f(HO paCCMOT-

peTb nOeJleOOBameJlbHOemb BmopbLX pa3Hoemeu

��al == (a3
-

a2)
- (a 2

-

al) ==

a3
-

2a2 + aI'

��a2 ==

a4
-

2a3 + a2,

AHaJIOrl1qHO MO)KHO paCCMOTpeTb nOCJIe.n;OBaTeJIbHOCTb mpembUX pa3-

Hoemeu 11 T. .n;.

30.25. HaM.n;I1Te nOCJIe.n;OBaTeJIbHOCTb pa3HocTei1: 11 nOCJIe.n;OBaTeJIb-

HOCTb BTOpbIX pa3HocTei1: .n;JI.H nOCJIe.n;OBaTeJIbHOCTI1 an
== n

2
.

30.26. �OKa)f(I1Te, qTO

(x + l)n == x
n

+ C
n

- l
x

n
- l

+ ... + Ckxk +... + C
l

X + 1.
n n n

30.27. BbIql1CJII1Te nOCJIe.n;OBaTeJIbHOCTb pa3HocTei1:.n;JI.H nOCJIe.n;OBa-

TeJIbHOCTI1 an
== n

k
.

30.28. BbIql1CJII1Te nOCJIe.n;OBaTeJIbHOCTb pa3HocTei1: .n;JI.H nOCJIe.n;OBa-

TeJIbHOCTI1 an
== C� .

30.29. �OKa:>KI1Te, qTO nOCJIe.n;OBaTeJIbHOCTb pa3HocTei1: .n;JI.H nOCJIe-

.n;OBaTeJIbHOCTI1 an
== P k (n), r.n;e P k

- MHOrOqneH CTeneHI1 k, I1MeeT BI1.n;

�an == Qk-l(n), r.n;e Qk-l -MHOrOqneH CTeneHI1 k - 1. KaK CB.H3aHbI

CTapllIl1e K03<P<PI1IJ;l1eHTbI 3TI1X MHOrOqneHoB?

C}'MMhI cTeneHeu

30.30. flYCTb b
n

== �an 11 5n == b
l + b

2 + ... + b
n

. KaK CB.H3aHbI nOCJIe-

.n;OBaTeJIbHOCTI1 5n 11 an?
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30.31. a) Hai1:.n;I1Te nOCJIe.n;oBaTeJIbHOCTb an' .n;JIR KOTOpOi1: !la
n

== n
2

.

6) BbIBe.n;I1Te <POPMYJIy.n;JIR CYMMbI 1
2

+ 2
2

+ ... + n
2

.

30.32. a) Hai1:.n;I1Te nOCJIe.n;OBaTeJIbHOCTb an' .n;JI.H KOTOpOM !la
n

== n
3

.

6) BbIBe.n;I1Te <POPMYJIY .n;JIR CYMMbI 1
3

+ 2
3

+ . .. + n
3

.

30.33. BbIBe.n;I1Te <POPMYJIy.n;JIR CYMMbI 1
3

+ 3
3

+... + (2n + 1)3.
30.34. �OKa)f(I1Te, qTO CYMMY 1

k
+ 2

k
+ ... + n

k
MO)KHO npe.n;cTaBI1Tb

B Bl1,ZJ;e MHOrOqneHa OT n CTeneHI1 k + 1. HaM.n;I1Te CTapllIl1M K03<P<PI1IJ;M-
eHT 3Toro MHOrOqneHa.

nOCJIe�OBaTeJIhHOCTh <l>apeH

IIoeJleooBameJlbHoemb CPapeR nOp.H.n;Ka n - 3TO B03paCTalO�a.H no-

CJIe.n;OBaTeJIbHOCTb HeCOKpaTI1MbIX .n;p06eM, KOTopbIe 3aKJIIOqeHbI Me)K-

.n;y 0 11111 3HaMeHaTeJII1 KOTOpbIX He npeBocxo.n;RT n. Hanpl1Mep, nOCJIe-

.n;oBaTeJIbHOCTb ct>apeR rrOp.H.n;Ka 5 TaKOBa:

Q. .!. .!. .!. �. .!. �. �. 3
. i. 1

l' 5' 4' 3' 5' 2' 5' 3' 4' 5' 1.

30.35. �OKa)KMTe, qTO 3HaMeHaTeJII1 .n;BYX coce.n;HI1X .n;p06ei1: B nOCJIe-

.n;OBaTeJIbHOCTI1 ct>apeH He Moryr 6bITb o.n;I1HaKOBbIMI1.
a c

30.36. nYCTb b
11

d
-

coce.n;Hl1e qneHbI nOCJIe.n;OBaTeJIbHOCTI1 ct>a-

peR. �OKa)KMTe, qTO lad - bel == 1.
a x c

30.37. nYCTb b
< -

<
d

-Tpl1 nOCJIe.n;OBaTeJIbHbIX qneHa nOCJIe.n;o-
Y

x a+c
BaTeJIbHOCTI1 ct>ape.H. �OKa)f(I1Te, qTO

Y

==

b + d
.

a c

30.38. nYCTb b
11

d
-

coce.n;Hl1e q][eHbI nOCJIe.n;OBaTeJIbHOCTI1 ct>apeR

nopR.n;Ka n. �OKa)KI1Te, qTO b + d > n.

30.39. �OKa)f(I1Te, qTO cYMMa ql1CJII1TeJIei1: qneHOB nOCJIe.n;OBaTeJIb-

HOCTI1 ct>ape.H B .n;Ba pa3a MeHbllIe CYMMbI 3HaMeHaTeJIeM.
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MHomeCTBa

OCHOBHbIe cl>aKTbI H nOHHTHH

MHOJKeemBO - 3TO HeKoTopbIM Ha60p 06'beKTOB, Ha3bIBaeMbIX 3Jle-

MeHmaMU 3Toro MHO)f(eCTBa. 3anl1Cb a E A 03HaqaeT, qTO a - 3JIeMeHT

MHO)f(eCTBa A.

ECJIM KIDK.ZJ;bIM 3JIeMeHT MHO)f(eCTBa A HBJIHeTCH 3JIeMeHTOM MHO)f(e-

CTBa B, TO rOBOp.HT, qTO A - nOOMHOJKeemBO MHO)f(eCTBa B. 3anl1Cb A c B

03HaqaeT, qTO A -

no.n;MHO:>KeCTBO MHO:>KeCTBa B.

KOHe1.£HOe MHO)f(eCTBO - 3TO MHO)f(eCTBO, COCTO.H�ee 113 3JIeMeHTOB

aI, ..., an' r.n;e n -

HaTypaJIbHOe qMCJIO. MHO)KeCTBO, COCTOH�ee 113 3JIe-

MeHTOB aI, ..., an' 0603HaqalOT {aI' ..., an}.
EeeKOHe1.£HOe MHO)f(eCTBO - 3TO MHO)KeCTBO, B KOTOpOM .n;JI.H JII060ro

HaTypaJIbHOrO n Hai1.n;eTC.H n pa3JIMQHbIX 3JIeMeHTOB.

MHO)f(eCTBO, He co.n;ep:>Ka�ee HI1 O,l];HOrO 3JIeMeHTa, Ha3bIBalOT ny-

embLM 11 0603HaqalOT 0. nYCToe MHO)J{eCTBO HBJUIeTCH no.n;MHO:>KeCTBOM

JII060ro MHO)f(eCTBa.

MHO)f(eCTBO Bcex HaTypaJIbHbIX �IMCeJI 0603HaqalOT N, IJ;eJIbIX -IZ,

paIJ;110HaJIbHbIX
-

Q, .n;eMCTBI1TeJIbHbIX - ffi..

06'beOUHeHue MHO)f(eCTB A 11 B - 3TO MHO)f(eCTBO, COCTOHIIJ;ee 113 Bcex

3JIeMeHTOB, npI1Ha.n;JIe:>KaIIJ;I1X JII160 MHO:>KeCTBY A, JII160 MHO)f(eCTBY B.

06'be.n;I1HeHl1e MHO)f(eCTB A 11 B 0603HaqalOT AU B.

IIepeee1.£eHue MHO:>KeCTB A 11 B - 3TO MHO:>KeCTBO, COCTOHIIJ;ee 113 Bcex

3JIeMeHTOB, Ka)l(,ll;bIM 113 KOTOpbIX npI1Ha.n;JIe:>KI1T KaK MHO:>KeCTBY A, TaK

11 MHO)f(eCTBY B. nepeCeqeHl1e MHO:>KeCTB A M B 0603HaqalOT AnB.

MHO:>KeCTBa A 11 B Ha3bIBalOT HenepeeeKalOl1{UMUe.R., eCJII1 An B == 0.

npl1MepOM no.n;MHO:>KeCTBa TIJIOCKOCTI1 HBJUIeTC.H MHO)f(eCTBO TOqeK,

Koop.n;I1HaTbI (x; y) KOTOpbIX y.n;oBJIeTBOpHIOT HeKoTopoMY ypaBHeH1110

f(x, y) == o.

OKp)')KHOCTb pa.n;l1yca R C IJ;eHTpOM (xo; Yo) 3a.n;aeTC.H ypaBHeHMeM

(x _XO)2 + (y
- YO)2 == R

2
.
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06'he�HHeHHe H nepeCeqeHHe MHomeCTB

31.1. Ha OJII1Mnl1a.n;y Ka)f(,ZJ;bIM 113 30 IlIKOJIbHI1KOB npl1HeC O.n;HY pyq-

KY, O.n;I1H KapaH,l];allI 11 O.n;HY JII1HeMKY. nOCJIe OJII1Mnl1a.n;bI 26 113 HI1X no-

Tep.HJII1 pyqKY, 23 - JII1HeMKY 11 21 -

KapaH,l];allI. HaM.n;I1Te Hal1MeHbllIee

B03MO)f(HOe KOJIl1qeCTBO IlIKOJIbHI1KOB, nOTep.HBIlII1X Bce Tpl1 npe.n;MeTa.

31.2. HaM.n;I1Te KOJIl1qeCTBO Bcex no.n;MHO)f(eCTB MHO)f(eCTBa, COCTO.H-

�ero 113 n 3JIeMeHTOB. (nO.n;MHO)f(eCTBa MHO)f(eCTBa BKJIlOqalOT ero caMO

11 nYCToe MHO)f(eCTBo.)

31.3. MHO)f(eCTBO COCTOI1T 113 n 3JIeMeHTOB. CKOJIbKI1MI1 cnoc06aMI1

MO)f(HO BbI6paTb B HeM HenepeceKalO�l1eCH no.n;MHO:>KeCTBa A 11 B?

31.4. �aHbI 2020 MHO)f(eCTB, Ka)f(,ZJ;oe 113 KOTOpbIX COCTOI1T 113 45 3JIe-

MeHTOB, npl1qeM 06'be.n;I1HeHl1e JII06bIX .n;BYX MHO)f(eCTB co.n;ep:>KI1T pOBHO

89 3JIeMeHTOB. CKOJIbKO 3JIeMeHTOB co.n;ep:>KI1T 06'be.n;I1HeHl1e Bcex 3TI1X

MHO:>KeCTB?

31.5. B MHO:>KeCTBe, COCTOHIIJ;eM 113 n 3JIeMeHTOB, BbI6paHO 2
n

- 1
no.n;-

MHO:>KeCTB, Ka:>K.n;bIe Tpl1 113 KOTOpbIX I1MelOT 06IIJ;I1M 3JIeMeHT. �OKa:>KM-

Te, qTO Bce 3TI1 no.n;MHO)f(eCTBa I1MelOT 06IIJ;I1M 3JIeMeHT.

YpaBHeHHe OKpymHOCTH

31.6. HaM.n;MTe ypaI3HeHl1e KaCaTeJIbHOM K OKp�HOCTM x
2

+ y2 == 1,

npoxoM�eM t.Iepe3 TOqKY (xo; Yo), pacnOJIO:>KeHHYIO Ha OKPY:>KHOCTI1.

31.7. K OKPY:>KHOCTI1 x
2

+ y2 == 1 npoBe.n;eHbI .n;Be KaCaTeJIbHbIe 113

TOqKI1 (xo; yo), pacnOJIO)f(eHHOM BHe OKp�HOCTM. HaM.n;I1Te ypaBHeHMe

np.HMOM, coe.n;I1ID1IO�eM TOqKI1 KaCaHI1H.

31.8. HaM.n;I1Te Koop.n;I1HaTbI TOqeK KacaHIDI OKp)')KHOCTI1 x
2

+ y2 == 1

11 KaCaTeJIbHbIX, npOXOMIIJ;I1X qepe3 TOqKY (0; b), pacnOJIO)f(eHHyro BHe

OKp)')KHOCTI1.

31.9. OKp)')KHOCTI1

x
2

+alx+ y2 +bly+el == 0

M

x
2

+ a2 x + y2 + b 2 y + e2
== 0

nepeceKalOTcH B .n;BYX TOqKax. HaM.n;I1Te ypaBHeHl1e npHMoM, npoxoM-

IIJ;eM qepe3 3TH TOqKI1.

31.10. �OKa)f(I1Te, qTO TOqKI1 nepeCeqeHI1.H .n;BYX napa60JI C nepneH-

.n;MKYJUIpHbIMI1 OC.HMI1 JIe)f(aT Ha O.n;HOM OKp)')KHOCTI1.

31.11. 113 TOqKI1, JIe:>KaIIJ;eM Ha npHMOM ax + by == 1, npoBe.n;eHbI .n;Be

KaCaTeJIbHbIe K OKPY:>KHOCTM x
2

+ y2 == 1. �OKa)f(I1Te, qTO npHMa.H, coe.n;l1-

H.H1O�a.H TOqKI1 KaCaHI1H, npoxo.n;I1T qepe3 TOqKY (a; b).
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HenpepbIBHbIe APo6H

HenpepbIBHbIe .n;p0611 CeMqaC He BXO.n;HT B cl>fOC. Ho OHI1 BXO.n;11JI11

(XOT.H M KaK .n;onOJIHI1TeJIbHbIM MaTepMaJI) B yqe6HI1K «Anre6pa» A. n. KM-

CeJIeBa (1852-1940), KOTOpbIM B TeqeHl1e qeTBepTI1 BeKa (.n;o cepe.n;I1HbI

50-x ro.n;oB) 6bIJI e.n;I1HCTBeHHbIM IlIKOJIbHbIM yqe6HI1KoM no aJIre6pe.
TeMa 3Ta HI1CKOJIbKO He YCTapeBIlIa.H M BnOJIHe aKTyaJIbHa.H.

HenpepbLBHWl OP06b - 3TO .n;P06b BM,ZJ;a

1

ao+

al +

a2+

a3+

1

1

1

1

..+-

an

r.n;e ql1CJIO ao IJ;eJIoe, a ql1CJIa aI, a2, ..., all HaTypaJIbHbIe. I1Hor.n;a Henpe-

pbIBHyro .n;P06b Ha3bIBalOT �enHoi1 Op06blO.

�JIH HenpepbIBHOM .n;p0611 I1CnOJIb3YlOT 0603HaqeHI1e

[ao; a], a2, ..., anJ.

TaKoe )f(e 0603HaqeHI1e y.n;06HO I1CnOJIb30BaTb He TOJIbKO .n;JUI HaTY-

paJIbHbIX ql1ceJI aI' a2, ..., a,l' HO 11 .n;JIH np0l13BOJIbHbIX ql1ceJI 11 .n;a:>Ke

.n;JIH He3aBI1CI1MbIX nepeMeHHbIX. 3TO 0603HaqeHI1e n03BOJIHeT I1CnOJIb-

30BaTb OqeB�HOe, HO Ba)f(HOe COOTHOllIeHl1e

[aO;al,a2, ...,aIlJ == [aO;al, ...,ak-I,AkJ,

r.n;e Ak == [ak; ak+l, ak+2, ..., allJ. 3TO COOTHOllIeHl1e I1CnOJIb3yeTC.H, Ha-

npl1Mep, npl1 pellIeHl111 3a.n;aq 32.4 11 32.7.

OCHOBHhIe CBoHcTBa

Fn+l
32.1. �OKa)f(I1Te, qTO [1; 1, ..., 1J == -

p

- OTHOllIeHMe nOCJIe.n;OBa-
� n

TeJIbHbIX ql1ceJI cl>1160HaqqM.
n
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32.2. �OKIDKJ1Te paBeHcTBo [0; 2, 3, 4, ..., nJ + [0; 1, 1, 3, 4, ..., nJ == 1

.n;JUI JII060ro HaTypaJIbHOrO n � 3.

32.3. PellII1Te B HaTypaJIbHbIX ql1CJIax ypaBHeHl1e

1- [0; 2, 3, 4, ..., nJ == [0; Xl' X
2 , ..., XnJ.

nO�XOM�He �p06H

npM k � n .n;P06b
Pk

== [ao; aI, a2, ..., akJ Ha3bIBalOT nOOXOORU{eu OpO-
qk

6blO nOp.H.n;Ka k .n;JIH HenpepbIBHOM.n;p0611 [ao; aI, a2, ..., anJ. HanpMMep,

PI aOal +1 P2
_

aOala2+ a O+ a 2 P3
_

aOala2 a 3+ a O a l +aOa3+ a 2 a 3+ 1
- -

11-

ql aI' q2

-

ala2+ 1 q3

-

ala2 a 3+ a l +a3

nO.n;XOMIIJ;a.H .n;P06b HYJIeBOrO nopH.n;Ka
- 3TO ql1CJIO a

o
.

32.4. nYCTb Po
==

ao 11 qo
== 1.

a) �OKa)f(I1Te, qTO npl1 k � 2 BbInOJIIDIIOTCH COOTHOllIeHI1H

Pk
==

akpk-l + Pk-2 11 qk
==

akqk-l + qk-2.

6) �OKa)KMTe, qTO plc-]qlc
-

qk-IPk
== (-I)k.

B) �OKa)f(I1Te, qTO Pk-2qlc
-

qlc-2PIc
== (-l)lc-la/c-

Pic 1 Pk (
- ])Ic

32.5. �OKa)f(I1Te, 1-ITO
- - - ==

.

qk-] qk qk-]qk

32.6. �OKa)KMTe, 1-ITO

PII
= a

o +
� _ � + � _

... +
(_1)11-]

qn qOql qlq2 q2q3 qn-Iqn

32.7. nYCTb A == [a o ; aI, a2, ..., anJ 11 Ak == [ak; ak+l, ak+2, ..., anJ.
AkPk-1 + Pk-2

�OKa)KI1Te, qTO A ==

A +
.

kqk-l qk-2

32.8. nYCTb A == [ao; aI, a2, ..., anJ. �OKa)f(I1Te, qTO

Po
<

P2
< ... <

P2k
< ... < A < ... <

P2k+ I
< ... <

P3
<

PI
.

qo q2 q2k q2k+1 q3 ql

AnropHTM EBKJIH�a H perneHHe B �eJIhIX qHCJIaX ypaBHeHH.H

nx-my=l

HanOMHI1M, qTO npM UJl20pUmMe EBKJlUOa .n;JIH BbIqI1CJIeHl1.H Hal1-

60JIbllIerO 06IIJ;ero .n;eJII1TeJIH ql1ceJI n 11 m (n > m) np0I13Bo.n;HTCH no-

CJIe.n;OBaTeJIbHbIe .n;eJIeHI1H C OCTaTKOM:

n ==

aom +rl, m ==

al rl + r2, rl
== a

2 r 2 + r3, . .

.,
r

s
- l

==

asrs.

Tor.n;a r
S

- 1
== HO�(n, m).
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32.9. �OKa)f(MTe, qTO HenpepbIBHbIe .n;P06M CBH3aHbI C aJIrOpl1TMOM

EBKJII1.n;a CJIe.n;yIOIIJ;MM 06pa30M. nYCTb n > m -

.n;Ba HaTypaJIbHbIX qMCJIa

M xk
== [0; ak, ak+l, ..., asJ .n;JIH k == 0,1, ...,

s. Tor.n;a

m rl

xO==n' XI==
m

'

r2
X2

==

rl
'

. . .

,

rs
Xs

== -.

rs-l

32.10. "lJMCJIa n M m HaTypaJIbHbIe. �OKa)f(MTe, qTO O.n;HO M3 pellIe-

HMM ypaBHeHMH nx
-

my
== 1 B IJ;eJIbIX ql1CJIax MO)f(HO HaMTM cJIe.n;yIO-

n P
IIJ;MM 06pa30M. nYCTb

m

== [aD; aI, ..., asJ 11

q

== [aD; aI, ..., as-IJ. Tor.n;a

(x, y) == :!: (p, q).

Pa3JIOmeHUe qUCJIa B HenpephIBHyro �p06h

KIDKJJ;oMY MppaIJ;MOHaJIbHOMY nOJIO:>KJ1TeJIbHOMY ql1CJIy a MO)KHO cono-

CTaBMTb ero pQ3JlOJKeHUe B HenpepbLBHYIO OP06b, T. e. 6eCKOHeqH)'lO nOCJIe-

.n;OBaTeJIbHOCTb qMCeJI a
o ,

a
I' ..., KOTopbIe paBHbI IJ;eJIbIM qaCTHM qMCeJI

1 ] 1

Ao ==

a, A
I

==

A
'

A 2
==

A
'

A
3

==

A
'

M T. .n;.;
0- ao I

-

a 1 2
-

a2

3TM paBeHCTBa MO)f(HO 3arrMcaTb B BM.n;e

]

Ak ==

ak + -

J\
.

k+l

PaIJ;MOHaJIbHOMY nOJIO)f(MTeJIbHOMY ql1CJIY aHaJIOrMqHbIM 06pa30M cono-

CTaBJIHeTCH KOHeqHa.H nOCJIe.n;OBaTeJIbHOCTb qMCeJI. Pa3JIO)f(eHMIO qMCJIa

B HenpepbIBHyIO .n;P06b COOTBeTCTBYIOT rro.n;xo.n;HIIJ;l1e .n;p0611

Pk
_ .

-

- [ao, a" ..., akJ.
qk

4 43
32.11. npe.n;cTaBbTe B BM.n;e HerrpepbIBHbIX .n;p06eM qMCJIa

13' 37'
7 40

120
M

17
.

32.12. C nOMOIIJ;blO KaJIbKYJIHTOpa HaM.n;I1Te nepBbIe 5 q][eHOB pa3-

JIO)f(eHMH qMCJIa 3,1415926536 B HenpepbIBHyIO .n;P06b M no.n;XOMIIJ;Me

.n;p06M.n;0
P3

.

q3

32.13. Ha�MTe pa3JIO)f(eHMe qMCJIa ..J2 B HenpepbIBHyIO .n;P06b.
32.14. Ha�MTe pa3JIO)f(eHl1e qMCJIa .J3 B HenpepbIBHyIO .n;P06b.
32.15. Ha�MTe pa3JIO)f(eHl1e qMCJIa ..j7 B HenpepbIBH)'IO .n;P06b.
32.16. �OKa)f(MTe, qTO a== [aO;al,...,ak-I,AkJ .n;JIH JII060ro HaTY-

paJIbHOrO k.

32.17. nYCTb [aD; aI, ..., akJ ==
Pk

. �OKa)f(MTe, qTO qMCJIO a 3aKJIlOqe-

Pk Pk+l qk

HO Me)l(,ll;Y
-

11 -.

qk qk+l
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KaJIe�aph

npM pellIeHMM 3a.n;aq 3Toro naparpa<pa MbI 6y.n;eM MCXO.n;MTb 113 TOrO,

qTO qMCJIO .n;HeM B ro.n;y npM6JIM3MTeJIbHO paBHo 365,2422. B .n;eMcTBM-

TeJIbHOCTM 3TO qMCJIO He HBJIHeTCH nocToHHHOM. 2000 JIeT Ha3a.n; 3TO

qMCJIO 6bIJIO HeMHoro .n;pyroe, a MMeHHO, 365,2423.

Pa3HbIe KaJIeHAapM no-pa3HoMY yqMTbIBaIOT, qTO B ro.n;y 60JIbllIe

365 .n;HeM. 06bIqHO 3TO .n;eJIaeTCH C nOMOIIJ;blO BMCOKOCHbIX ro.n;OB: B BM-

COKOCHbIM ro.n; .n;06aBJIHeTCH O.n;MH .n;eHb. HanpMMep, B lOJlUaHel<:OM Ka-

JleHOape 06bIqHbIM, HeBMcoKoCHbIM, ro.n; COCTOMT M3 365 .n;HeM, a B BMCO-

KOCHbIM ro.n; (HoMep KOToporo .n;eJIMTCH Ha 4) .n;06aBJIHeTCH O.n;MH .n;eHb.

A 06IIJ;enpMH.HTbIM HbIHe 2pu2opuaHeKuu KQJleHOapb YCTpoeH no cJIe.n;y-

IOIIJ;MM npaBMJIaM:

1) ro.n;, HOMep KOToporo .n;eJIMTCH Ha 400, BMCOKOCHbIM;

2) OCTaJIbHbIe ro.n;bI, HOMep KOTOpbIX .n;eJIMTCH Ha 100, HeBMcoKocHbIe;

3) OCTaJIbHbIe ro.n;bI, HOMep KOTOpbIX .n;eJII1TCH Ha 4, BMCOKOCHbIe.

32.18. 3a CKOJIbKO JIeT HaKanJIMBaeTCH 0llIM6Ka B O.n;MH .n;eHb B IOJIM-

aHCKOM KaJIeH.n;ape?

32.19. 3a CKOlIbKO TbIC5P-I JIeT HaKarrlIMBaeTCH oIlIM6Ka B O.n;MH .n;eHb

B rpMropMaHcKoM KaJIeH.n;ape?

32.20. HaM.n;MTe rrepBbIe qeTbIpe nO,l];XO,lI.fIIIJ;Me .n;P06M .n;P06HOM qa-

CTM qMCJIa 365,2422.

32.21. 3a CKOJIbKO TbICHq JIeT HaKanJIMBaeTCH 0llIM6Ka B O.n;MH .n;eHb

no KaJIeHAaplO, B KOTOpOM 8 BMCOKOCHbIX JIeT 3a 33 ro.n;a? (TaKoM Ka-

� �

6
� 8

)JIeHAapb cooTBeTcTByeT TpeTbeM no.n;xOMIIJ;el1 .n;po M, paBHOI1
33

.
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�OnOJIHHTeJIbHbIe 3aAaqH

HepaBeHCTBa

33.1. nYCTb x> o. �OKa)f(MTe, qTO V I +x < 1 + .!x.
n

33.2. �OKa)f(MTe, qTO eCJIM a ? b > 0, TO

(a-b)2
�

a+b
_

r-:
b �

(a-b)2
8a

-....;::

2
V aD -....;::

8b
.

-t. a+b
33.3. nYCTb a M b - nOJIO)f(MTeJIbHbIe ql1CJIa, arb, A ==

�
M B ==

� (a-b)2
== v ab. �OKa)f(MTe, qTO B <

8(A _ B)
< A.

33.4. �OKa)f(MTe, qTO eCJIM m M n -

HaTypaJIbHbIe qMCJIa, TO

1 1

n�
+

11l�
> 1.

ym yll

KOM6HHaTopHKa

33.5. CKOJIbKMMM cnoc06aMM MO:>KHO rrpe.n;cTaBI1Tb HaTYPaJIbHOe ql1C-

JIO n B B�e CYMMbI m IJ;eJIbIX HeOTpl1IJ;aTeJIbHbIX ql1ceJI? (npe.n;cTaBJIe-

HMH, OTJIMqalOIIJ;MeCH nopH.n;KoM CJIaraeMbIX, Cql1TalOTCH pa3HbIMM.)
33.6. CKOJIbKMMI1 cnoc06aMM MO:>KHO npe.n;cTaBMTb HaTYPaJIbHOe qMC-

JIO n B B�e CYMMbI m HaTypaJIbHbIX ql1ceJI? (npe.n;cTaBJIeHMH, OTJIMqalO-

IIJ;l1eCH nopH.n;KoM CJIaraeMbIX, CqMTalOTCH pa3HbIMM.)
33.7. CKOJIbKHMI1 cnoc06aMM MO:>KHO npe.n;cTaBMTb HaTYPaJIbHOe qMC-

JIO n B B�e CYMMbI n
- 2k HeqeTHbIX HaTypaJIbHbIX qMCeJI? (npe.n;cTaB-

JIeHI1H, OTJIMqalOIIJ;MeCH nopH.n;KoM CJIaraeMbIX, Cql1TalOTCH pa3HbIMI1.)
33.8. HaM.n;MTe KOJIMqeCTBO HaTypaJIbHbIX qMCeJI n, 1000 � n � 1999,

.n;JIH KOTOpbIX npl1 CJIO)f(eHMI1 qMCeJI n M n + 1 He npOI1Cxo.n;MT nepeHOC

B CTapllIMM pa3pH.n;.

33.9. CKOJIbKMMM cnoc06aMI1 B MHO)f(eCTBe M3 n 3JIeMeHTOB MO)f(HO

BbI6paTb .n;Ba (He 06H3aTeJIbHO pa3JIl1qHbIX) no.n;MHO)f(eCTBa, 06'be.n;MHe-

HMe KOTOpbIX COBna.n;aeT CO BceM MHO)f(eCTBOM. (nOpH.n;OK, B KOTOpOM

BbI611palOTCH no.n;MHO)f(eCTBa, He yqMTbIBaeTCH.)
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qUCJIa <l>u60HaqqU B KOM6uHaTopuKe

33.10. HaM,n;MTe KOJIMqeCTBO no.n;MHO)f(eCTB MHO)f(eCTBa {I, 2, 3, ..., n},

He cqn;ep)f(aIIJ;MX .n;BYX nOCJIe.n;OBaTeJIbHbIX qMCeJI.

33.11. CKOJIbKMMM cnoc06aMM MO)f(HO npe.n;cTaBMTb qMCJIO n B B�e

CYMMbI HeCKOJIbKI1X CJIaraeMbIX, paBHbIx ll1JIM 2? (npe.n;cTaBJIeHM.H, pa3-

JIMqalOIIJ;MeCH nopH.n;KoM CJIaraeMbIX, CqMTalOTCH pa3JIMqHbIMM.)
33.12. CKOJIbKMMM cnoc06aMM MO)f(HO npe.n;cTaBMTb qMCJIO n B B�e

C}'MMbI HeCKOJIbKMX IJ;eJIbIX CJIaraeMbIX a
i � 2? (npe.n;cTaBJIeHMH, pa3JIM-

qalOIIJ;MeCH nopH.n;KoM CJIaraeMbIX, CqMTalOTCH pa3JIMqHbIMM.)
33.13. CKOJIbKMMM cnoc06aMM MO)f(HO npe.n;cTaBMTb qMCJIO n B Bl1J];e

CYMMbI nOJIO:>KI1TeJIbHbIX HeqeTHbIX CJIaraeMbIX? (npe.n;cTaBJIeHI1H, pa3-

JIMqalOIIJ;MeCH nopH.n;KoM CJIaraeMbIX, CqMTalOTCH pa3JIl1qHbIMM.)

B3BelliUBaHU.H

33.14. Cpe.n;11 .n;eBHTM o.n;MHaKOBbIX no BM.n;y MOHeT eCTb o.n;Ha <paJIb-

IlIMBa.H, KOTOpa.H JIerqe OCTaJIbHbIX. 3a .n;Ba B3BeIlIMBaHI1H Ha qallIeqHbIX

Becax 6e3 CTpeJIOK M rl1pb HaM.n;I1Te <paJIbllIl1Byro MOHeTY.

33.15. Cpe.n;11 qeTbIpex MOHeT eCTb o.n;Ha <paJIbIlII1BaH, OTJIMqalOIIJ;a.H-

CH no Becy OT HaCTOHIIJ;eH. 3a .n;Ba B3BeIlII1BaHI1H Ha qaIlIeqHbIX Becax 6e3

rMpb HaM.n;MTe <paJIbIlII1BYIO MOHeTY.

33.16. Cpe.n;11 Tpex MOHeT eCTb o.n;Ha <paJIbIlII1Ba.H, OTJIl1qalOIIJ;a.HCH no

Becy OT HaCTOHIIJ;eM. 3a .n;Ba B3BellII1BaHMH Ha qallIeqHbIX Becax 6e3 rl1pb

Ha�MTe <paJIbllIMByIO MOHeTY 11 BbI.HCHMTe, TH)f(eJIee OHa I1JIM JIerqe Ha-

CTO.HIIJ;eM.

33.17. ECTb HeCKOJIbKO MeIliKOB, B Ka)l(,ll;OM 113 KOTOpbIX .n;OCTaTOqHO

MHoro MOHeT. B O.n;HOM MelliKe MOHeTbI <paJIbIlIMBbIe, a BO Bcex .n;pyrMX

HaCTOHIIJ;Me. 113BecTeH Bec HaCTO.HIIJ;eM MOHeTbI M M3BeCTHO, qTO <paJIb-
IlIMBa.H MOHeTa Ha 1 r JIerqe HaCTO.HIIJ;eM. KaK npM nOMOIIJ;M o.n;Horo B3Be-

IlIMBaHMH Ha Becax C pa3HoBeCKaMI1 06Hap)')KMTb MelliOK C <paJIbIlII1BbI-
MI1 MOHeTaMM?

33.18. Cpe.n;M 2n + 1 MOHeTbI eCTb 2k <paJIbIlIMBbIX (k � n), npMqeM
Bec <paJIbIlIMBOM MOHeTbI OTJIMqaeTC.H OT Beca HacTOHIIJ;eM MOHeTbI Ha 1 r.

KaK 3a O.n;HO B3BelliMBaHMe Ha qaIlIeqHbIX Becax co CTpeJIKOM npo O.n;HY

BbI6paHHyIO MOHeTY Y3HaTb, <paJIbIlIMBa.H OHa I1JII1 HeT?
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30.17. -3. 30.20. an
= � (16. 2

n
- 1

+ 9( _3)n-l).

a
n + I

_ bn+ I

30.21. an
==

b
. 30.24. an

== (1 + 2n)3
n

- l
.

a-

30.25. flan == 2n + 1 M flfla
n

== 2.

30.27. flan == C�-lnk-l + C�-2nk-2 + ... + C�n + 1. 30.28. flan == C�-l.
30.29. CTapllIMM K03<P<PMIJ;MeHT MHOrOqneHa Qk-l paBeH cTapllIeMY KO-

3<P<PMIJ;MeHTY MHorOq][eHa P k , YMHO:>KeHHoMY Ha C�-l == k.

30.30. 5n ==

an+l
-

a
l

.

30 31 ) ==.! 3 _.! 2
+ .! .

6)
11 (n + 1) (2n + 1)

· · a an
3

n
2

n
6

n,
6

.

2 2

_

1 4 1 3 1 2. n en + 1)
30.32. a) an

-

4
n

-"2
n +

4
n

, 6)
4

.

)
2

(
2 1

30.33. (n + 1 2n + 4n + 1). 30.34.
k + 1

.

rJIaBa 31. MHomeCTBa

31.1. 10. 31.2. 2
n

. 31.3. 3
n

. 31.4. 44.2020 + 1 == 88881.

31.6. xox + YoY
= 1. 31.7. xox + YaY

= 1. 31.8. ( -:f:. J 1
b12 ; �).

31.9. (a I
-

a2)x + (b l
- b

2 )y + e]
-

c
2

== o.

rJIaBa 32. HenpepbIBHbIe �p06H

32.3. Xl
== 1, X2

== 1, x
3

== 3, X4
== 4, ...,

X
n

== n.

4 43 7 40
32.11.

13
== [0; 3, 4J,

37
== [1; 6, 6],

120
== [0; 17, 7J M

17
== [2; 2,1, 5J.

22 333 355
32.12. [3; 7,15, 1,292J, 3, ""7' 106

11
113

.

32.13. J2== [1; (2)J == [1; 2, 2, 2, ...].

32.14. J3 == [1; (1, 2)J == [1; 1,2,1,2, ...J.

32.15. V7 == [2; (1, 1, 1, 4) J == [2; 1, 1, 1, 4, 1, 1, 1, 4, ...J.

32.18. 3a 128 JIeT. 32.19. npl16JII13MTeJIbHO 3a 3 TbIC.HqM JIeT.

1 7 8 31
32.20.

4' 29
'

33
'

128
. 32.21. npM6JII13MTeJIbHO 3a 4 TbICHqM JIeT.

rJIaBa 33. �OnOJIHHTeJIhHhIe 3a�aqH

33.5. C�+m-l. 33.6. C�=�l. 33.7. C�-k-l. 33.8. 156.

33.10. P
n + 2

. 33.11. P
n + l

. 33.12. P
n

- l
. 33.13. Pn.

3
n

+ 1
33.9.

2
.
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rJIaBa 22. ApH4>MeTHqeCKa.H nporpeCCH.H

22.1. nYCTb MeHbllIa.H cTopoHa paBHa a, 60JIbllIa.H cTopoHa paBHa e.

a+c
Tor.n;a cpe.n;H.HH cTopoHa paBHa �.

113 HepaBeHCTBa TpeyrOJIbHMKa
a+c

a +
�

> e CJIe.n;yeT, qTO 3a > e.

22.2. PaccMoTpMTe TpeyrOJIbHMK co cTOpOHaMI1 3, 4115.

22.3. IIepBbLu cnoeo6. npoBepbTe, qTO M3 paBeHcTBa a + e == 2b CJIe-

.n;yeT paBeHcTBo

(va +2Vb + JC) (va + JC) == 2( Vb + JC) (va + Vb).

Bmopou enoeo6. BocrroJIb3YMTecb TeM, qTO eCJIM ate, TO

1 Jb-JC ]

Jb+JC b-c' JQ-I-Jb

1
M a-b==b-e==2(a-e).

JQ-Jb
a

- b
'

1

JQ+JC

VQ-JC
a-c

1 1 d
22.4. BOCnOJIb3YMTecb TeM, '-ITO

- - -

, r.n;e d -

pa3-
ak ak+l Ukak+l

HOCTb apl1<pMeTMqeCKOM nporpeCCMI1, M TeM, '-ITO an
-

a
l

== (n
- l)d.

22.5. BocnoJIb3yHTecb TeM, qTO

1 1

(
1 1

)akak+ I ak+2

==

ak+2
-

ak akak+ I

-

ak+ I ak+2

==

1

(
1 1

)==

2d akak+ I

-

ak+ I ak+2
.

22.6. MO)KHO CqMTaTb, qTO pa3HocTb d apM<pMeTl1qeCKOM nporpec-

CMM OTJIMqHa OT HYmI (ecJII1 d == 0, TO Tpe6yeMoe paBeHCTBO OqeBM.n;HO).

� 1 Jak+l
-

Jak
BocnoJIb3YHTecb TeM, qTO

Jak + Jak+l dak ak+l

22.7. ECJII1 3TM ql1CJIa HBJIHIOTCH qJIeHaMM O.n;HOM apl1<pMeTMqeCKOM

nporpeCCMI1, TO J5 - V2 == dm 11 J5 - J3 == dn, r.n;e qMCJIa m M n IJ;eJIbIe

M qMCJIa d, m M n OTJIMqHbI OT HYJIH. n03TOMY

J5-J2 m

J5-J3 n'

T. e. (n -

m) J5 == n V2 -

m J3. B03Be.n;MTe 3TO paBeHCTBO B KBa.n;paT

M nOJIyql1Te npOTMBOpeqMe, nOKa3aB, qTO ql1CJIO J6 paIJ;MOHaJIbHO.
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22.8. nYCTb pa3HocTb apM<pMeTl1qeCKOM rrporpeCCI1M paBHa d, a o.n;I1H

113 q][eHOB paBeH n
2

, r.n;e n -

HaTypaJIbHOe qMCJIO. Tor.n;a .n;JI.H Ka)l(,ll;OrO

HaTypaJIbHOrO ql1CJIa k qMCJIO (n + kd)2 == n
2

+ (2nk + k
2

d)d .HBJI.HeTC.H

q][eHOM 3TOM apM<pMeTMqeCKOM nporpeCCMI1.

22.9. nYCTb pa3HocTb apl1<pMeTMqeCKOM nporpeCCI1M paBHa d. npM

.n;eJIeHI1M Ha p qMCJIa aI, a2, ...,
a

p
.n;alOT He 60JIee p

- 1 pa3JIMqHbIX

OCTaTKOB, n03ToMY pa3HocTb ak
-

a[
== d (k

- I) .n;BYX M3 3TMX ql1ceJI .n;e-

JII1TCH Ha p. BocnoJIb3yHTecb TeM, qTO Ik -II < p.

22.10. BocnoJIb3yHTecb TeM, qTO (1+11)3==I+kn, r.n;e k==n2+3n+3.

22.11. nYCTb d M a -

pa3HocTb 11 rrepBbIM q][eH .n;aHHoM nporpeccMM.

MO)f(HO CqMTaTb, qTO d t O. Tor.n;a d M a -

HaTypaJIbHbIe qMCJIa. nYCTb
a < 1 Ok. Tor.n;a .n;JIH JII060ro HaTypaJIbHOrO 11 > k CYMMa IJ;11<PP qMCJIa

IOn d + a paBHa c}'MMe IJ;11<PP qMCeJI d M a.

u (II + a 2n - I
22.12. BocnoJIb3yHTecb TeM, qTO all

==

2
.

n(n + 1)
22.13. 'iMCJIO

2
.n;eJII1TCH Ha n Tor.n;a 11 TOJIbKO Tor.n;a, Kor.n;a

n+l
'-IMCJIO

� IJ;eJIoe, T. e. qMCJIO 11 + 1 .n;eJII1TCH Ha 2.

22.14. nYCTb a - nepBbIM q][eH .n;aHHoH nporpeccMM, d - ee pa3HocTb.

TIo YCJIOBHIO
n(2a +

�n
-l)d)

= 2
k

, n03TOMY n(2a + (n - l)d) = 2
k

+1.

BocnoJIb3yHTecb TeM, qTO qMCJIO 2a + (n
- l)d IJ;eJIoe, M TeM, qTO JII060M

.n;eJIMTeJIb CTeneHI1 .n;BOMKM HBJI.HeTCH C'reneHblO .n;BOMKM.

22.15. 3anMllIMTe paBeHcTBo

n(2al + (n -l)d) == 111(20 1+ (m -1)d)

B B�e (n
-

m) (2al + (n + m
-

l)d) == o.

22.16. BocnoJIb3yHTecb TeM, '-ITO

S _ S ==

(n -111)(2a] + (n + m -1)d)
n m

2
'

r,n;e al M d -

nepBbIM qJIeH M pa3HocTb apM<pMeTMqeCKOM nporpeccMM.

22.17. nepBoe 113 3TMX qMCeJI a] paBHo 120, nOCJIe.n;Hee an paBHo 990.

an
-

al al +a n

n03TOMY n ==

30
+ 1 == 30, a MCKOMa.H cyMMa paBHa

2
n == 16 650.

22.18. 'iMCJIO, He .n;eJIHm;eeC.H HM Ha 2, HI1 Ha 3, - 3TO ql1CJIO BM.n;a

1 + 6d 111111 BI1.n;a 5 + 6d. KOJII1QeCTBO QMCeJI KaK o.n;Horo, TaK 11 .n;pyroro

BM.n;a paBHo

997�103 +1 = 995�101 +1 = 150.

CyMMbI 3TMX qMCeJI paBHbI

997;
103

. 150 = 82500 H 995;
101

. 150 = 82200.
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22.19. 'iT06bI qMCJIO a + (a + 2) + ... + (a + 2n - 2) == n(a + n
- 1)

paBHIDIocb n
k

, H}')KHO nOJIO)f(MTb a + n -1 == nk-l, T. e. a == n
k - l

-

n + 1.

'iMCJIO a npM 3TOM HeqeTHo.

22.20. CYMMa HOMepoB HeqeTHa, n03ToMY Ha yKa3aHHoM cTopoHe

KBapTaJIa Haxo.n;HTCH HeqeTHbIe HOMepa M qMCJIO .n;OMOB HeqeTHo. CYM-

Ma HeqeTHOrO ql1CJIa qJIeHOB apM<pMeTMqeCKOM nporpeccMM paBHa npo-

113Be.n;eHMIO MX KOJIMqeCTBa Ha cpe.n;HMM qJIeH. 'iMCJIO 247 == 13 . 19-

np0l13Be.n;eHMe .n;BYX rrpocTbIX ql1ceJI, n03TOMY O.n;HO M3 3TMX ql1ceJI - HO-

Mep cpe,n;Hero .n;OMa, a .n;pyroe qMCJIO - KOJIMqeCTBO .n;OMOB. ECJIM HOMep

cpe.n;Hero .n;OMa 13, TO KOJIMqeCTBO .n;OMOB He npeBocxo.n;MT 13. n03TOMY

HOMep cpe.n;Hero .n;OMa 19, a KOJIMqeCTBO .n;OMOB paBHo 13, T. e. cpe,n;HMM

.n;OM ce.n;bMoM OT yrJIa.

22.21. nYCTb x -

rrepBoe M3 I1CKOMbIX 2n + 1 qMCeJI. BocnoJIb30BaB-

IlIMCb TO)f(,lJ;eCTBOM (x + n + k)2 - (x + k)2 == n(2x + n + 2k) M TeM, qTO

(2x +n +2) + (2x+ n +4) + ... + (2x+n +2n) == n(2x+2n + 1),

3anl111IMTe YCJIOBl1e 3a�(PH1 B BI1.n;e x
2

== n
2

(2x + 2n + 1) 11 pellIMTe KBa.n;-

paTHoe ypaBHeHl1e XL - 211
L

X
-

11
2

(211 + 1) == o.

22.22. 'iMCJIO M == 1 + 2 + ... + 999. ..99 .n;eJII1TCH Ha 999...99. CJIa-

raeMoe k, Bxo.n;5IIl(ee B :�)'ry CYMMY, l�acT B �II1CJIO N BKJIa.n; k . (lOn)l .n;JI5I

HeKoToporo 1. Pa3HOCTb k . (] 0")
I

- k �CJI HTC5I H3 10" - 1.

22.23. nOKa)KI1Te, '-ITO
� == � + k, 11 CJIO)f{I1Te TaKl1e paBeHcTBa
alc+l ak

.n;JIH k == 1, 2, ...,
n

- 1.

22.24. BocnoJIb3YMTecb TeM, qTO

n( 2a l + (n -1)d) d 2

(
d

)al +a 2 +...+a
n

==

2
==

2
n + a

l
-

2
n.

22.25. 3anMllII1Te pa3HocTb fen)
-

fen -1) B B�e a+b+(n-l) .2a.

22.26. a) 113 paBeHCTBa fen)
-

fen
- 1) == 2an + b -

a CJIe.n;yeT, qTO

1 1
MO)f(HO nOJIO)KMTb a ==

2:
M b == a ==

2:.

6) yqTH, '-ITO f(l) == 1, nOJIyqMTe <POPMYJIY

f(
1 2 1

1+2+...+n== n)==2: n +2:n.
22.27. a) 113 paBeHCTBa

f (n) -

f (n -

1) == 3an
2

+ (2b - 3a) n + a
- b + e

CJIe.n;yeT, qTO MO)f(HO nOJIO)f(MTb 3a == 1, 2b - 3a == 0 M a
- b + e == o.

6) yqT.H, qTO f(l) == 1, nOJIyqMTe <POPMYJIY

2 2 2

f
13 1 21

1 +2 +...+n == (n) ==

3
n +

2
n +

6
n.
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22.28. a) PaCCMOTpMTe apM<pMeTMqeCKyro nporpeCCMIO

1 2

60
'

60

1 3

30' 60

1 4

20
'

60

1 5

15
'

60

1

12.

1 2 n

6) PaccMoTpMTe apM<pMeTMqecKyro nporpeCCMIO
N

'

N
' ...,

N
' r.n;e

N == HOK(2, 3, 4, ..., n).

22.29. PaccMoTpMTe nOCJIe.n;OBaTeJIbHOCTb 23 + 70n, r.n;e qMCJIO n Ha-

TypaJIbHoe. Bce qneHbI 3TOM nOCJIe.n;OBaTeJIbHOCTM HeqeTHbIe, n03TOMY

OHM He MorYT MMeTb BI1.n; :f: P :f: q, r.n;e p 11 q
- HeqeTHbIe qMCJIa. ECJIM

23 + 70n == 2 + p, TO P .n;eJIMTC.H Ha 7, a eCJII1 23 + 70n == -2 + p, TO P

.n;eJlI1TC.H Ha 5.

22.30. PaccMoTpMTe nOCJIe.n;OBaTeJIbHOCTI1 2n, 4n - 1 M 4n - 3 I1JIM

nOCJIe.n;OBaTeJIbHOCTM 3n -

2, 3n - 111 3n.

22.31. nYCTb N==d
l

d 2 ...d
n

. PaCCMOTpl1Te N nOCJIe.n;OBaTeJIbHbIX Ha-

TypaJIbHbIX qMCeJI, HaMMeHbllIee M3 KOTOpbIX 60JIbllIe JII060ro M3 nep-

BbIX <IJIeHOB ,n;aHHbIX rrporpecCM:if. Cpe,n;H 3THX N qHCeJI pOBHO : qHCeJI

'-' N '-'

I N

npI1Ha.n;JIe)f(aT nepBOM nporpeCCMM, pOBHO
d 2

-

BTOpOI1, ..., pOBHO
d

n

-

n-M nporpeCCMI1. Ka)K.l];oe M3 3TMX N t.II1CeJI npI1Ha.n;JIe)f(MT pOBHO O.n;HOM
N N N

nporpeCCMI1, n03TOMY
-

d
+ -

d
+. .. + -

,
== N.

I 2 ("

22.32. nYCTb d I' d 2 , ...,
d

n

-

pa3HOCTI1 3TI1X nporpeCCMM, a I, a2, ...,

an
- MX nepBbIe qneHbI, N == d l d 2

.. .d". '-(HClIO N BXO.n;MT B O.n;HY M3 npo-

rpeCCMM, nYCTb i -

HOMep 3TOM nporpCCCI1H. Tor.n;a.n;JI.H HeKOToporo IJ;e-

JIorO HeOTpMIJ;aTeJIbHOrO k BbInOJIHeHO paBeHCTBO d
l

d 2 .. .d
n

==

ai + kd i ,

n03TOMY ai .n;eJIMTC.H Ha d i .

22.33. BKJIlOqMTe qMCJIO 1 B nepBYJD qaCTb, CJIe.n;yro�Me 3a HMM .n;Ba

qMCJIa 2 M 3 BO BTOpyro, cJIe.n;yro:w.Me TPM qMCJIa 4, 5 11 6 B nepByro, M T. .n;.

BocnoJIb3yHTecb TeM, qTO B Ka)l{.n;OM 113 TaKMX .n;BYX qaCTeM .n;JI.H JII060ro

HaTypaJIbHOrO n HaM.n;YTC.H .n;Ba coce.n;HI1X qMCJIa, pa3HOCTb Me)K.l];Y KOTO-

pbIMI1 60JIbllIe n.

22.34. npe.n;nOJIO)f(MTe, qTO

n+36 == (m-h)2, n+300 == m
2

M n+596 == (m+h)2,

r.n;e -qMClIa m M h HaTYPaJIbHbIe. Tor.n;a

-264==h(h-2m) M 296==h(h+2m).

HaH60JIbllIMM 06�MM .n;eJIMTeJIb qMCeJI 264 M 296 paBeH 8, n03ToMY h -

.n;eJII1TeJIb qMCJIa 8. nepe6l1pa.H 3TM .n;eJII1TeJIM, y6e.n;MTecb, qTO h == 4 .n;aeT

BepHbIM OTBeT.
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22.35. CHaqaJIa H}T)KHO 6pOCMTb nepBbIM llIapMK C m-ro 3Ta)f(a. ECJIM

OH pa306beTC.H, TO BTOpOM llIapMK H)l)KHO 6pOCaTb nOOqepe.n;HO C nepBO-

ro, BTOpOrO, TpeTberO 3Ta)f(a M T. .n;. .n;0 3T(l)Ka C HOMepOM m
- 1. ECJIM )f(e

nepBbIM llIapl1K He pa306beTC.H, TO npoIJ;e.n;ypy H)l)KHO nOBTopMTb C yqe-

TOM Toro, qTO McnbITaHMM OCTaJIOCb Ha o.n;HO MeHbllIe. n03TOMY nepBbIM

llIapMK H)l)KHO 6pocaTb C 3Ta)f(a C HOMepOM m + (m - 1). TaK MO)f(HO

npo.n;OJI)f(aTb .n;o 3Ta)f(a C HOMepoM

m(m+l)
m + (m - 1) + (m - 2) + ... + 2 + 1 ==

2
.

I1cnbITaHM.H .n;JI.H 3Ta)f(eM C HOMepaMM 60JIbllIe n nponycKaIOTC.H.

rJIaBa 23. reOMeTpHqeCKaH nporpeccHH

23.1. IIepBbLu el1oeo6. ECJIM b k
== qk-Ia, TO npOM3Be.n;eHMe qMCeJI

b b
211+1 N

I' ..., 2n+1 paBHO a q, r.n;e

2n(2n + 1)
_

N == 0+1+2+...+2n ==

2
- n(211+l).

n03TOMY a
2n + 1

qN == a
21l - 1

- 1

q/C21l+
1)

== (aql1)211+1 == b
2n + l

.

Bmopou el1oeo6. BOCnOJlb3YHTecb TeM, qTO npoM3Be.n;eHMe qJIeHOB

C HOMepaMM 11 + 1 - k M 11 + 1 + k paBHo b
2

.

23.2. nYCTb 3HaMeHaTeJIb reOMeTpl1QeCKOH nporpeCCMI1 paBeH q. Ec-

JIM B reOMeTpl1QeCKOH nporpeCCMI1 C QeTHbIM QI1CJIOM qneHOB YMHO)f(MTb

Ha q Bce qJIeHbI C HeqeTHbIMI1 HOMepaMM, TO nOJIyqaTC.H Bce qneHbI C qeT-

HbIMM HOMepaMM. n03TOMY CYMMa Bcex q]JeHOB B 1 + q pa3 60JIbllIe cYM-

MbI qneHOB C HeqeTHbIMM HOMepaMM.

23.3. �JI.H JII060ro nOJIO)f(MTeJIbHOrO qM CJIa q c ym;ecTBye T np.H MoyrOJIb-

HbIM TpeyrOJIbHMK co cTopoHaMM 1, q M vi I + q2. ECJII1 vi 1 + q2 == q2, TO

3TOT TpeyrOJIbHMK 06JIa.n;aeT Tpe6yeMbIM CBOMCTBOM. nOJIO)f(MTe

q
= V

1

+2..;s .

23.4. "4T06bI BbInOJIH.HJIOCb paBeHcTBo an+l + e == q(a n
+ c), .n;OCTa-

d
TOqHO nOJIO)f(MTb e == _

1
.

q-

23.5. PaccMoTpMTe reOMeTpMQecKYIO nporpeccMIO C nepBbIM qneHOM

2
9

If 3HaMeHaTeJIeM �.
23.6. PaccMoTpMTe reOMeTpMqecKyro nporpeccMIO C nepBbIM qne-

3
HOM 8 M 3HaMeHaTeJIeM

"2.
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23.7. ECJIM 3HaMeHaTeJIb TaKoM reOMeTpMqeCKOM nporpecMM paBeH

q, TO 2 == qn M 3 == qm .n;JI.H HeKoTopbIX IJ;eJIbIX qMCeJI m 11 n, OTJIMqHbIX OT

HYJI.H. B TaKOM CJIyqae 2
m

== 3
n

,
qero He MO)f(eT 6bITb.

23.8. nYCTb cpe.n;HMM qneH paBeH a, 3HaMeHaTeJIb nporpeccMM pa-

BeH q. no YCJIOBMIO a(q-l + 1 + q) == 19 M a
2

(q-2 + 1 + q2) == 133. Cne-

.n;OBaTeJIbHO,

19
2

== a
2

(q-2 + 1 +q2 +2q-1 +2+2q) == 133 +2 .19a.

3

n03TOMY a == 6 M q
==

2.

23.9. 3HaMeHaTeJIb nporpeccMM MO)l{HO npe.n;cTaBMTb B BM.n;e q2, r.n;e

q > 1. Tor.n;a nporpeccMIO MO)f(HO 3anMcaTb B BM,ZJ;e aq -3, aq -I, aq, aq3.
no YCJIOBMIO a(q-l +q) ==4 M a(q-3 +q3) == 13. n03TOMY

a
3

(q-3+q3+3(q-] +q)) == 64,

T. e. 13a
2

+ 3a
2

.4= 64. CiIe,ZJ;oBaTeJIbHO, a = � H q
= 2 (rrpH a < 0 rro.ny-

qaeM q < 0).

23.10. npe.n;nOJIO)f(MTe, qTO ql1CJIO q t :f: 1 IJ;eJIoe M cy�ecTByroT pa3-

JIl1qHbIe IJ;eJIbIe HeOTpl1IJ;aTeJIbHbIe qMCJIa k
l ,

k
2 , ...,

k
m + I (m? 2), .n;JI.H

KOTOpbIX qkl + qk2 + ... + qk m == qklll_ll. nepenMIlIMTe 3TO paBeHcTBo B BM-

.n;e qll == :f:q
l 2 :f: ... :f: qlm+l, r.n;e II - HaMMeHbllIee M3 qMCeJI k l ,

k 2 , ...,
k

m + l ,

11 cOKpaTMTe nOJIyqeHHoe paBeHcTBo Ha qll .

23.11. nYCTb nepBbIM qneH M 3HaMeHaTeJIb nporpeccMM paBHbI b
l

b l (1- qn) b] (1- q2n) n
5 2n

M q. Tor.n;a
1-

==5n 11
1-

==5 2n , n03ToMY 1 + q
==

S
5 -5

q q n

M qn ==
2n

5

n

. I1cKOMa.H BeJIl1ql1Ha paBHa
n

b l (1- q3n) b l (1- q211)
l-q l-q

b l (1- qn) 2n
_

5
(5 2n

- 5n)2
1 -

q
q

-

n

52
n

23.12. HaM.n;MTe CHaqaJIa CYMMY 11 CJIaraeMbIX

9 + 99 + 999 +... + 99...999.

3Ta CYMMa paBHa

2 n
_

10
n + l

-l0
_

n 10
(10-1)+(10 -1)+...+(10 -1) -

10-1
-n- (10 -1)9- 11 .

nOJIyqeHHoe qMCJIO H)l)KHO pa3.n;eJIMTb Ha 9.
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23.13. IIepBbLu enoeo6. "4T06bI nOJIyqMTb MCKOMyro CYMMY, H}')KHO

CJIO)f(MTb

2 n
_

xn+l-l
l+x+x +...+x -

l
'

x-

2 Xn+I_X
X + X +... + X

n
==

l
'

x-

xn+l _

x
n

x
n

==

x-I

CYMMa qMCJIMTeJIeM 3TMX .n;p06eM paBHa

xn+l 1
(n+ l)x

n + l
- (1 +x+ ... +xn) == (n+ l)x

n + l
-

� .

x-

Bmopou enoeo6. nYCTb S == 1 + 2x + 3x
2

+ ... + (n + l)x
n

. BocnoJIb-

3yMTecb TeM, qTO S - xS == 1 + x+ x
2

+ ... +xn - (11 + l)x
n + l

.

23.14. CYMMa .n;eJIMTeJIeM qMCJIa N, OTJIMqHbIX OT N, paBHa

1 +2+ ... +2
11

- 1

+P(l +2+ ... +2"-2) ==

== 2
11

- 1 + (2" -

1) (2"-1 -

1) == (2
11

-

1)2
n

- 1
== N.

23.15. ECJIM qMCJIa a, b, e 06pa3yIOT o.n;HoBpeMeHHo apM<pMeTMqe-
a+c 2

CKyro M reOMeTpl1QeCKyIO nporpeCCMI1, TO b ==

-Z
M b ==

ae, n03TOMY

a == e.

23.16. nYCTb b ==

qa 11 e ==

q
2

a. Tor.n;a 2(q + q2) == (1 + q) + (1 + q2),
T. e. (q +2)(q -1) ==0.

23.17. nYCTb a -

nepBoe 113 .n;BYX ql1ceJI MCXO.n;HOM nOCJIe.n;OBaTeJIb-

HOCTI1, d -

pa3HOCTb apM<pMeTMqeCKOM nporpeCCI1M, q
- 3HaMeHaTeJIb

reOMeTpMqeCKOM nporpeCCMM. Tor.n;a a + d ==

aq M a + 9d == aq2. CJIe.n;o-

BaTeJIbHO, a(q
- 1) == d M a(q

-

l)(q + 1) == a(q2 - 1) == 9d == 9a(q
- 1).

YqMTbIBa.H, qTO q t 1, nOJIyqaeM q
== 8 M

aq3 == a +a(q3 -1) == a +a(q -1)(q2 +q + 1) == a + 73d.

23.18. nYCTb a 11 b -

nepBbIe qJIeHbI I1CKOMbIX nporpeccMM, d M q
-

MX pa3HocTb M 3HaMeHaTeJIb. Tor.n;a a + b == 27, a + d + bq == 27, a + 2d +

+ bq2 == 39 M a + 3d + bq3 == 87. BbIqTI1Te M3 BToporo ypaBHeHI1.H nepBoe,

113 TpeTbero BTopoe, 113 qeTBepToro TpeTbe:

d + b(q
- 1) == 0,

d+bq(q-l) == 12,

d + bq2(q - 1) == 48.
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113 nepBOrO nOJIyqeHHoro ypaBHeHI1.H CJIe.n;yeT, qTO b(q
- 1) == -d. no.n;-

CTaBbTe 3TO BbIpa)f(eHl1e BO BTopoe 11 TpeTbe ypaBHeHM.H: d -

dq == 12,

2
d - dq2 48

d -

dq == 48. CJIe.n;oBaTeJIbHO, 1 + q
==

d _

dq
==

12
== 4, T. e. q

== 3. no-

3TOMY d == -6, b == 3 M a == 24.

23.19. B) YMHO)f(bTe Ha 3 qMCJIa 113 3a.n;aql1 6).

23.20. PaCCMOTpl1Te reOMeTpMqecKyID nporpeccMIO (1 + d)n M BOC-

nOJIb3yMTeCb TeM, qTO qMCJIO (1 + d)n - 1 .n;eJIMTC.H Ha d, nOCKOJIbKY ql1C-

JIa 1 + d M 1 .n;alOT o.n;MHaKOBbIe OCTaTKM npM .n;eJIeHMM Ha d.
a m

23.21. npe.n;nOJIO)f(I1Te CHaqaJIa, qTO
d

==

11'
r.n;e m M n -

HaTypaJIb-

HbIe ql1CJIa. npl1 Bcex HaTypaJIbHbIX k ql1CJIO (1 + n)k - 1 .n;eJII1TC.H Ha n,

a(1 + n)k -

a m k

n03ToMY qMCJIO b k
==

d
==

11 ((1 + n) - 1) IJ;eJIoe. 3HaqMT, Bce

qMCJIa a(l + n)k == a + bkd npMHa.n;JIe)f(aT .n;aHHoM apM<pMeTMqeCKOM npo-

rpeCCI1M. npe.n;nOJIO)f(MTe 3aTeM, qTO a + kd, a + Zd, a + md -

nOCJIe.n;OBa-

TeJIbHbIe qneHbI reOMeTpMqeCKOM nporpeCCI1M, npMqeM k < Z < m. Tor.n;a

(a + Zd)2 == (a + kd) (a + md), T. e. a(21 - k - m) == d (km -Z2). KpoMe TO-

ro, 2Z - k -

m t O. �eMCTBMTeJIbHO, eCJII1 2Z - k -

m == 0, TO km - Z2 == 0,

a nOTOMY (k - m)2 == (k + m)2 - 4km == 41
2

- 4Z
2

== 0, qTO npoTI1BOpeqMT

YCJIOBI1IO k < m.

rJIaBa 24. Pa�UOHaJIhHaH CTeneHh qUCJIa

24.1. IIepBbLu enoeo6. nYCTb

x== \/ 20+l4J2+ \/ 20-l4J2.

To r.n; a

x
3

== 40 + 3x \/ 20
2

- 14
2

.2== 6x + 40.

x
3

- 6x - 40 2

�MCKpMMMHaHT KBa.n;paTHoro TpeXqJIeHa
4

== x + 4x + 10 OT-
x-

pl1IJ;aTeJIeH.

Bmopou en oeo6. TO)l(.lJ;ecTBO (2:f: J2)3 == 20:f: l4J2 nOKa3bIBaeT, qTO

\/ 20:f: l4J2 == 2:f: J2.

24.2. IIepBbLu enoeo6. nYCTb x == \/2 + J5 + \/ 2 - J5. Tor.n;a

x
3

== 4+3x \/ 2
2

- 5 == -3x+4.

IT
.. x

3
+ 3x - 4 2

+ + 4
f-II l1CK pMMI1HaHT KBa.n;paTHoro TpeXqneHa

1
== x X OTPM-

x-

IJ;aTeJIeH.
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Bmopou. enoeo6. Bo cnoJIb3yH Te cb TO)f(.n; eCTBOM (l:f: JS)3 == 16 :f:8J5 .

24.3. nYCTb x == V a + Jb + V a
- Jb. Tor.n;a x

3
== 2a + 3x V a

2
- b.

�JI.H nepBoro qMCJIa nOJIyqaeM x
3

== 6 + x, a .n;JI.H BToporo x
3

== 12 + 5x.

nepBoe ypaBHeHl1e MMeeT KopeHb x == 2, a BTopoe ypaBHeHMe I1MeeT KO-

x
3

-

X
- 6 2

peHb x == 3. �MCKpMMMHaHTbI KBa.n;paTHbIx TpeXqJIeHOB
2

== x +
x-

x
3

-5x-12 2
+ 2x + 3 M

X
_ 3

== x + 3x + 4 oTpMIJ;aTeJIbHbIe.

24.4. BbIqMCJII1Te KBa.n;paT B bIpa)f(eH M.H B JIe BOM qaCTI1, BOCnOJIb30-

BaBIlIMCb TeM, qTO J V16 - W== V2 J W -1:

( � -

1) ( V2 + 1)
2

== (�- 1) ( Vi6 + � + 1) == 4 - 1 == 3.

24.5. 113 TO)K;J;eCTBa

(x+ 1)3(x -1) == (x
3

- 2)x+2x
3

-1

CJIe,zJ,yeT, qTO (x + 1)3(x -

1) = 3 npH x = V2. Ilo3ToMY Vx -1 = X?l .

BTopoe Tpe6yeMoe paneHcTBo cJle.n;yeT M3 Toro, qTO

(x+ 1)(x
2

- x+ 1) == x
3

+ 1 == 3.

24.6. CHaqaJIa npoBepbTe, qTO

(V2+ W)3 == 5+3a,

(V2+ W)6 == 133+30a+9f3,

(V2 + W)
9

== 2555 + 711a + 135f3,

r.n;e a == V6 ( V2 + W) 11 f3 == V 36 ( W + �). 113 3TMX paBeHCTB CJIe-

.n;yeT, qTO eCJIM x == V2 + W, TO x
9

-15x
6

- 87x
3

- 125 == o.

24.7. PaccMoTpMTe reOMeTpMqecKylO nporpeccMIO C nepBbIM qJIeHOM

b
l

== 1 11 3HaMeHaTeJIeM q
== ZI2.

24.8. B03Be.n;I1Te 06e qaCTM ypaBHeHI1.H B Ky6:

2 +3 V l-x2( V l-x+ V I +x) = 2.

3.n;ecb V l- x + V I + x == V2 to, n03ToMY 1- x
2

== o .

24.9. 3anMllII1Te ypaBHeHl1e B BI1.n;e x
3

== ( J 4 -

x
2

)
3

, B03Be.l];MTe 06e

qaCTI1 B KBa.n;paT 11 113BJIeKMTe Ky6MqeCKMM KopeHb. nOJIyqeHHoe ypaB-

HeHl1e x
2

== 4 -

x
2

MMeeT KOpHM x == :f:J2. OTpMIJ;aTeJIbHbIM KopeHb He

nO.l];xo.n;MT.
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24.10. nYCTb U == V 2 -x 11 V == v x -1. Tor.n;a u +v == 1 M u
3

+v
2

== 1,

n03ToMY u
3

+ (1- U)2 == 1, T. e. u(u - 1) (u + 2) == o.

24.11. B03Be.n;I1Te 06e qaCTI1 B Ky6 M nOJIyql1 Te paB eHcTBa

72 == 3 V 13
2

x
2

-37
2

( V 13x+37 - V 13x-37) == 3 V 13
2

x
2

-37
2 V2.

COKpaTMTe Ha 3 11 e�e pa3 B03Be.n;I1Te B Ky6: 4. 12
3

== 13
2

x
2

- 37
2

,
no-

3TOMY X == :f: 7. 06a 3TI1 3HaqeHI1.H .HBJI.HIOTC.H pellIeHI1.HMM ypaBHeHIDI,

nOCKOJIbKY V 64 - V27 == 4 - 3 == 1.

24.12. BOCnOJI b30Ba BllII1Cb TeM, qTO x t :f:l, no.n;eJIMTe 06e qaCTI1

ypaBHeHM.H Ha 'V 1 -

x
2

== \1(1 -

x) (1 + x) M nOJIyqMTe ypaBHeHMe

V
1 + x

- V
1 x

= 1.
I-x l+x

IlOJIO)KHTe z = V � +; H IIOJIyqHTe A/UI Z KBa,n;paTHoe ypaBHeHHe Z2 -

1 ::!: J5 zm - 1
-

z
- 1 == O. n03TOMY z ==

2
M X ==

zm + 1
.

24.13. 3anl111II1Te .n;aHHoe ypaBHeHl1e B BM.n;e x
3

-

x == 3 -

{x}. Hepa-

BeHCTBO 0 � {x} < 1 nOKa3bIBaeT, qTO 2 < x
3

-

X � 3. ECJII1 x? 2, TO

x(x
2

- 1) ? 2 . 3 == 6. ECJII1 Ixl � 1, TO Ix(x
2

- 1) I � 1. ECJII1 X < -1, TO

x(x
2

- 1) < O. n03TOMY [xJ == 1. YpaBHeHMe x
3

- 1 == 3 I1MeeT KopeHb

x == �. 3TOT KopeHb no.n;xo.n;MT, nOCKOJIbKY [ �J == 1.

24.14. npe.n;nOJIO)f(MTe, qTO Vi � W. Tor.n;a ( Vi)
n

� ( W) n, T. e.

x�y.
m

24.15. 3anMllIMTe ql1CJIO r B Bl1,ZJ;e -, r.n;e m M n -

HaTypaJIbHbIe
n

ql1CJIa. .HcHo, qTO x
m

> ym. KpoMe Toro, V x
m

> W COrJIaCHO 3a.n;a-

qe 24.14.
m n

24.16. MO)f(HO CqMTaTb, TO r == -

M S ==
-, r.n;e m, n M q

-

HaTYPaJIbHbIe
q q

qMCJIa. Tor.n;a X
m

> X
n

, n03TOMY Z; X
m

> vxn COrJIaCHO 3a.n;aqe 24.14, T. e.

x
r

> X
s

.

24.17. BocnoJIb3yHTecb TeM, qTO J4 + � + V4 > 2 + 1 + 1 == 4

M J7+ V7+ V7<J9+ W+ t'16 ==7.

24.18. BMecTo 3HaKa HepaBeHcTBa nOCTaBI1M 3HaK V M 6y.n;eM paccMaT-

pMBaTb TOJIbKO npe06pa30BaHI1.H, KOTopbIe coxpaIDIIOT 3HaK HepaBeHCTBa:

mV5- V5 � VSV5-m �

� 5V125-75m+165-11m � 86mV285 �

� 81356v81225.

3Haq11T, m > 5 - vs.
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24.19. BocnoJIb3yMTecb TeM, qTO

2

( x+ 1-
)

_ V2 =
(x- :VZ)2(2x+ V2)

.

3 x
2

3x
2

24.20. BocnoJIb3yHTecb TeM, qTO

(1+ V2+ �)(V2-1) == (V2)3-1 == 1.

24.21. BocnoJIb3YMTecb TeM, qTO

(1
- V2 + �) ( V2 + 1) == (V2)

3

+ 1 == 3.

24.22. BocnoJIb3yHTecb TeM, qTO

( V2 )
3

1

1+V2+�==
-

==

1

V2-1 V2-1.

24.23. BocnoJIb3yMTecb TeM, qTO

o == a
3

- 3a + 1 == (a
2

-

a
- 2)(a + 1) + 3.

24.24. npoBepbTe, qTO

(V27- W)2=: J27-2 V81 +J3==4J3-6.

24.25. no YCJIOBMIO

b
m

-

n
== boqm-n b

-

b
m+n

11
m+n

-

oq ,

n03TOMY

(b o qm)2 == bm-nb m + n
H q2n =

b
m + n

.

b
m

-

n

m m

CJIe.n;oBaTeJIbHO, boqn == bm+nq-m == bm+nb��nbm;�.

(
n + 1

)
m

(n + l)n+1
24.26. 06a qMCJIa paBHbI -n ' r.n;e m ==

nn
.

24.27. nYCTb x == ky, r.n;e k > 1- paIJ;MOHaJIbHOe qMCJIO. Tor.n;a

(ky)Y == (yk)y,

lIP
n03TOMy ky = yk, a 3HaQHT, y

= k k - 1
. TIYCTb

k _ 1
=

q

-

HeCOKpaTHMaJI

p p+q

,lJ;po6b. Tor,lJ;a y
= ( p;

q

)
q

H X = ( p;
q

)
--q

. LIHCJIa p H P + q B3aHMHO

npocTbIe, n03ToMY qMCJIO y MO)f(eT 6bITb paIJ;MoHaJIbHbIM JIMllib B TOM
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CJIyqae, KOr.n;a KOpeHb CTeneHM q 113 qI1CJII1TeJI.H M 113 3HaMeHaTeJI.H .n;pO-

p+q
6M -

-

HaTypaJIbHbIe qMCJIa, T. e. p
== a

q
M p + q

== b q
.n;JI.H HeKOTO-

p

pbIX HaTYPaJIbHbIX a M b. npe.n;nOJIO)f(MM, qTO q ? 2. Tor.n;a npM pacKpbI-

TMM cK060K B BbIpa)f(eHMM (a + l)q nOJIyqMM a
q + qa

q
- l

11 e�e HeKOTO-

poe nOJIO)f(MTeJIbHOe qI1CJIO, n03ToMY a
q < p + q � a

q + qa
q

- l
< (a + l)q.

npMXO.n;I1M K npoTMBOpeqMIO, TaK KaK Me)f(.n;y qMCJIaMI1 a
q

11 (a + l)q

He MO)f(eT Haxo.n;MTbC.H qMCJIO b q ==

p + q. n03TOMY q
== 1. �JI.H JII060ro

(
I

)
P+I

(
I

)
P

HaTypaJIbHOrO p ql1CJIa x == 1 +
p

M Y
== 1 +

p
paIJ;MoHaJIbHbI

M .HBJI.HIOTC.H pellIeHI1.HMM ypaBHeHIDI xY == yX .

rJIaBa 25. TpHroHOMeTpHqeCKHe cl>OPMYJIhI

25.1. BocnoJIb3yHTecb TeM, qTO

sin3x == sin(x+2x) 11 cos3x == cos(x+2x).

25.2. BocnoJIb3yHTecb TeM, qTO

.

(
n

)
. n . n

SIn x +
4

== SIn x cos
4

+ cos x SIn
4

(
n

)
n.. n

cos x+
4

== cosxcos
4

-

SlnXSln
4

.

25.3. ECJIM siny == sin x, TO JII160 Y
== x + 21<n, JIM60 y

== 'IT
-

X + 2kn.

Ilo3ToMY C TOqHOCThIO ,ZJ;O 2kn qHCJIO � MO)f{eT npHHHMaTb TOJIbKO CJIe-

x x n x 3rc x n

.n;yro�l1e 3HaqeHM.H:
2

'

2
+ 'IT, 2"

-

2
11

2
-

2
. ECJII1 X ==

3'
TO 3TI1

n 7n n 4n
C

..

3HaqeHIDI paBHbI 6"' 6' 3"
M

3. I1HYCbI :-}THX �IeTbIpex yrJIOB nonapHO

pa3JIMqHbI.

25.4. IIepBbLu enoeo6. ECJII1 sin y
== sin x, TO 111160 Y

== x + 2k 'IT, JII160

Y
= n

-

x + 2kn. Il03ToMY C TOqHOCTblO ,ZJ;O 2kn qHCJIO � MO)f{eT npHHH-

x x 2n x 4n n x x

MaTb TOJIbKO CJIe.n;yro�Me 3HaqeHI1H:
3

'

3
+

3' 3
+

3' 3
-

3
'

'IT
-

3
'

5n x

n
..

3
-

3
. pOBepbTe, qTO CI1HYC Ka»<;J;oro 113 Tpex nepBbIX yrJIOB paBeH

CMHYCY o.n;Horo 113 Tpex nOCJIe.n;HI1X yrJIOB. ECJII1 sin X == 0, TO X == k'IT, no-

. x .

0 0
. n J3 . 4n J3

3TOMY SIn
3

npl1HI1MaeT 3HaqeHI1H SIn ==
,

SIn
3"

==

2
M SIn

3
== -

2
.

Bmopou el1oeo6. COrJIaCHO 3a.n;aqe 25.1

3
. x

4
. 3X

a == SIn
- -

SIn
-

3 3'

a MHOrOqJIeH TpeTbeM creneHI1 He MO)f(eT I1MeTb 60JIee Tpex Pa3JIl1qHbIX

KopHei1. �eMCTBMTeJIbHO, eCJII1 MHOrOqJIeH TpeTheM CTeneHM MMeeT nonap-

HO pa3JIWlHbIe KOpHI1 Xl' X2 M x3, TO OH .n;eJIMTCH Ha (X-Xl) (X- X 2) (x-X3).

M
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Pe3YJIbTaTOM TaKOrO .n;eJIeHI1.H .HBJI.HeTCH OTJIWlHOe OT H)'JI.H qMCJIO, n03TOMY

.n;pyrl1X KopHei1 HeT.

25.5. 113 TO)f(.n;eCTBa COS
2

X == 1 - sin
2

x CJIe.n;yeT, qTO

sin
4

x + cos
4

x == 2 sin
4

x
- 2 sin

2
x + 1

11

sin
6

x + cos
6

x == 3 sin
4

x
- 3 sin

2
x + 1.

25.6. BocnoJIb3yHTecb TeM, qTO

sin 40
0

sin 50
0

= sin 40
0

cas 40
0

= � sin 80
0

M

.

1 0
0 .

80
0 1.

20
0

SIn SIn ==

2"
SIn .

2n 1 1
25.7. ECJIM a ==

3'
TO COS a == -

2". KpOMe Toro, eCJII1 COS x == -

2"'
TO

2 11
cos 2x == 2 cos x-I == -

2". n03TOMY cos(2na) == -

2"
.n;JI.H Bcex HaTypaJIb-

HbIX n.

25.8. BOCnOJIb3YMTecb <popMYJIaMI1 cMHyca M KocMHyca .n;BoMHoro yr-

sin2x 2 sin x cosx
JIa. ==

.

cos 2x + 1 2 cos
2

x-I + 1
.

25.9. BOCnOJIb30BaBllIMcb 3a.n;aqeM 25.2, nOKa)f(MTe, qTO

+
. J2sin (

n

4
+x ) J2cos (

n

4
-x )

1 + t x ==

cos x SIn x
==

g
cosx cosx cosx

(
n

)
J2cosx

n03TOMY 1 + tg
4

-

x ==

(
n

)
.

cos
- -

x

4

25.10. BocnoJIb3yMTecb 3a.n;aqeM 25.2.

.... cos
2

x-sin
2

x

25.11. BocnoJIb3YHTecb TeM, qTO .

Sinx cosx

cos 2x

1
.

2"
sin 2x

25.12. 113 3a.n;aqM 25.11 CJIe.n;yeT, qTO

tg x ==

ctg x
- 2 ctg 2x,

2 tg2x == 2 ctg2x
-

4ctg4x,

2
n

tg 2
11

X == 2
11

ctg 2
n

x
- 2n+

I

ctg 2
n + I

x.

CJIO)f(MTe 3TI1 paBeHcTBa.

25.13. BocnoJIb3yHTecb TeM, qTO

sinmxcosnx-cosmxsinnx == sin(m-n)x.
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25.14. 113 3a.n;aqM 25.13 CJIe.n;yeT, QTO

sinx
tg(k + l)x -

tg kx ==

k (k + 1)
.

cos xcos x

CJIO)KMTe TaKMe paBeHcTBa .n;JI.H k == 1, 2, ...,
n

- 1.

25.15. PaccMoTpMTe paBH06e.n;peHHbIM TpeyrOJIbHMK C yrJIOM 30° npM

BepllIl1He M npoBe.n;MTe BbICOTY K 60KOBOM cTopoHe.

25.16. nO.n;eJIMTe QMCJIMTeJIb M 3HaMeHaTeJIb .n;P06M

sin x cos y + cos x siny

cos x cos y
- sin x siny

Ha cosxcosy.

25.17. BocnoJIb3yHTecb TeM, QTO

!+2
tg(x+ y) ==

2 3

] _!
.

-

6

25.18. nOCJIe.n;oBaTeJIbHO nOKa)KMTe, t.ITO

4
tg(x+ y) ==

7
'

7

tg(x+y+z) ==

9
H tg(x+y+z+w) == 1.

5 120
25.19. nOCJIe.n;oBaTeJIbHO nOKa)KI1Te, t.ITO tg(2x) ==

12
' tg( 4x) ==

119

Mtg(4x-y)==1.
tg x-I-tg y P

25.20.113 paBeHCTBa ctgx+ctgy== CJIe.n;yeT, q'f0 tgxtgy==-.
tgxtgy q

n03TOMY

tgx+tgy p
t g (x + y ) == ==

p
.

1 -

tg x tg .y ] _ _

q

25.21. PaBeHcTBo (1 + tgx)(l + tgy) == 2 3KBMBaJIeHTHO paBeHcTBY

tgx + tgy == 1 -

tgxtgy. npl1 3TOM 1 -

tgxtgy t o. �eMCTBMTeJIbHO,

eCJIM tgx + tgy == 0, TO QMCJIa tgx 11 tgy He MorYT MMeTb O.n;MH M TOT

)Ke 3HaK, n03TOMY tgxtgy � o.

25.22. nYCTb U ==

tg x, v == tg y, w ==

tg z. Tor.n;a

( )+ ( )
u-v

+
v-w (u-w)(l+v

2
)

tg x- y tg y-z
==

l+uv l+vw
==

(l+uv)(I+vw)

M

l+v
2

(l+uv)(I+vw)

1

l+wu

(v-w)(v-u)

(1 + uv)(1 +vw)(1 +wu).

113 YCJIOBlliI CJIe.n;yeT, QTO 3HaMeHaTeJIM 1 + uv, 1 + vw M 1 + wu He 06-

pa�aIOTC.H B HYJIb, n03TOMY (u -w)(v -w)(v - u) ==0.



YKa3aHUfl 61

25.23. �OMHO)KbTe 06e qaCTM paBeHcTBa Ha sin x.

25.24. COrJIaCHO 3a.n;aqe 25.23 MCKOMoe npoM3Be.n;eHMe paBHo

. 16n
Sln-

7

8
. 2n'

sIn?

K
. 16n . 2n

pOMe Toro, SIn
7

==

sIn?
25.25. COrJIaCHO 3a.n;aQe 25.23 MCKOMoe npoM3Be.n;eHMe paBHo

. 16n

slnT

8
. 2n.

slnT

K
. 16n . 2n

pOMe Toro, SIn
T

== -

SIn
T.

25.26. BocnoJIb3YMTecb TeM, qTO

cos
2

15°= COS3�O+1 =
V3

4

+2
If (.J6+.J2)2=4(J3+2).

25.27. llepBbLu enoeo6. BocnoJIb3yMTecb TeM, qTO

sin 15° == sine 45° - 30°).

Bmopou enoeo6. BOCnOJIb3yMTec b 3a.n;aqeM 2 5.26 M TeM, qTO

sin 15° == .J 1 -

cos
2

15°.

25.28. PaccMoTpMTe paBH06e.n;peHHbIM TpeyrOJIbHMK ABC C OCHOBa-

HMeM Be == 1 M yrJIOM A, paBHbIM 36°, M npoBe.n;MTe B HeM 6MCCeKTpMCY
BD. BbIqMCJIMTe yrJIbI TpeyrOJIbHMKOB ABD 11 BCD M y6e.n;MTecb, qTO 3TM

TpeyrOJIbHMKM paBH06e.n;peHHbIe, M qTO AB == 2 cos 36°. nYCTb cos 36° == x.

113 no.n;0611.H TpeyrOJIbHMKOB ABC M BCD CJIe.n;yeT, qTO AB : Be == Be : CD,

T. e. 2x : 1 == 1. : (2x - 1).

25.29. 113 3a.n;aqM 25.28 CJIe.n;yeT, qTO

. 2
18

0

==

l-cos36°
==

3-J5
== (

J5-1

)
2

SIn
2 8 4.

25.30. BocnoJIb3yHTecb 3a.n;aqaMM 25.28 M 25.29.

25.31. BocnoJIb3YMTecb TeM, qTO sin 6° == sin (36° - 30°).

rJIaBa 26. TpHroHOMeTpHQeCKHe ypaBHeHIDI H HepaBeHcTBa

26.1. llepBbLu enoeo6. CJIO)KMTe HepaBeHcTBa sin a > sin
2

a M cos a >

> cos
2

a.
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Bmopou enoeo6. BocnoJIb3yMTecb TeM, qTO CYMMa KaTeTOB np.HMO-

yrOJIbHOrO TpeyrOJIbHMKa 60JIbllIe rMnoTeHY3bI.

26.2. BbI6epl1Te yrOJI <.p TaK, qTO cos <.p
==

a

M sin <.p
==

b
.

. /
. /

a
2

+ b
2 . /

a
2

+ b 2

Tor.n;a f (x) ==

V a
2

+ b
2

sin (x + <.p).
V v

26.3. nYCTb 0 -

IJ;eHTp OKp)!)KHOCTM pa.n;M-

yca 1, A M B - TOqKM 3TOM OKp)!)KHOCTI1, .n;JI.H

KOTOpbIX LAOB ==

a, e -TOqKa, B KOTOpOM Ka-

CaTeJIbHa.H K OKp)!)KHOCTM B TOqKe B nepece-

KaeT JIyq OA (pMC. 1), S AOB
-

TIJIO�a.n;b Tpe-

yrOJIbHMKa AOB, S -

TIJIO�a.n;b ceKTopa, BbIce-

KaeMoro pa.n;MycaMI1 AO 11 OB, S
BOC

- nJIO-

�a.n;b TpeyrOJIbHMKa BOe. Tor.n;a S AOB
< S <

< S
BOC

If S
AOB

= � sin a, S = � a, S
BOC

= � tg a.

26.4. COrJIaCHO 3a.n;aqe 26.3 nOJIyqaeM

tg f3
-

tg a

f3
-

a < t g ( f3
- a)

-

< t gf3 -t g a.-

1 + tg f3 tg a

26.5. npMMeHMTe HepaBeHcTBo sin x < x M3 3a.n;aqM 26.3 .n;JI.H x == cos a

M nOJIyqMTe HepaBeHcTBo sin(cos a) < cos a. �aJIee, M3 HepaBeHcTB

o < sin a < a < � CJIep;yeT HcwaBeHcTBo
cos(sin a) > cos a, IIOCKOJIbKy

cosx>cosy npM O<x<y< 2".
26.6. ECJIM a, b, e, d - nOJIO)KMTeJIbHbIe QI1CJIa, npl1qeM � < � ,

TO

a a+c c

b
<

b +d
<

d
(8 KJIaCC, 3a.n;aqa 12.23). n03TOMY 113 HepaBeHCTBa tgxI <

< tg X2 CJIe.n;yeT, qTO

c

B

PI1C. 1

sin xl + sinX2
tgx I

< < tgx 2
< tgx3.

COSXI + COSX2

E�e pa3 BOCnOJIb30BaBllIMCb 3a.n;aQeM 12.23, nOJIyqMTe HepaBeHcTBa

sin xl + sinx2 + sinx3
tgx I

< . < tgx3, M T..n;.
COSXI +COSX2+S1nx3

26.7. .HCHO, qTO

t 550 ==
tg45° + tg 10°

g
1- tg45° tg 10°

1 + tg 10°

1 -

tg 10°
.

113 3a.n;aqM 26.3 CJIe.n;yeT, qTO

° n n 3 1

tg 10 == tg
18

>
18

>
18

==

(;.

n03TOMY
1 + tg 10°

1 -

tg 10°

2 7

I-tgl00
-1 >

5"
== 1,4.
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26.8. nOJIO)f(MTe t == sin x. Tor.n;a cos
2

x == 1 -

t
2

, n03ToMY nOJIyqaeM

ypaBHeHHe 4t
3

- 7t + 3 = O. 3TO ypaBHeHHe HMeeT KOpHH t 1
= 1, t 2

= �
3

n
�

M t
3

== -

2". OCJIe.n;HMI1 KopeHb HaM He no.n;xo.n;MT.

26.9. PaccMoTpMTe .n;aHHoe ypaBHeHMe KaK KBa.n;paTHoe ypaBHeHMe OT-

HOCI1TeJIbHO x. Ero .n;l1cKpI1MMHaHT 4(sin
2

(xy)
- 1) .n;OJI)f(eH 6bITb HeoTpM-

IJ;aTeJIbHbIM, n03ToMY sin
2

(xy) ? 1, T. e. sin(xy) == :f: 1. PellIeHM.H ypaBHe-

HM.H x
2

:f: 2x + 1 == 0 I1MelOT BI1,lJ; x == =f 1. �aJIee, eCJIM sin (=f y) == :f: 1, TO

siny == -1.

2 6.10. BbI6epMTe a 11 {3 TaK, qTO x == cos a M V I -

x
2

== sin a, y
== cos {3

11 V I - y2 == sin (3, 11 BOCnOJIb3yHTecb TeM, qTO

x V l- y2 + y V 1- x
2

== sin(a+ (3).

3HaqeHI1e 1 .n;OCTl1raeTC.H, Hanpl1Mep, npM x == 111 Y
== o.

2x
26.11. nepBoe ypaBHeHl1e MO)f(HO nepenl1CaTb B BM.n;e y

==

2
(.HC-

I-x

HO, qTO xt:!:l). nYCTb x==tg<p. Tor.n;a y==tg2<p. AHaJIOrl1QHO z==tg4<p

11 x ==

tg 8<p. TaKI1M 06pa30M, tg 8<p == tg <p. n03TOMY

tg 7 <p
-

tg 8 <p
-

tg <p
==

tg <p
-

tg <p
== 0-

1 + tg 8<p tg <p 1 + tg
2

<p
,

T. e. 7 <p
== k n, r.n;e k -

IJ;eJIoe QMCJIO. Ha060poT, eCJIM 7 <p
== k n, TO tg 8 <p

==

==

tg <p 11 MbI no.nyqaeM pellIeHl1e .n;aHHoM CMCTeMbI ypaBHeHMM. Bcero noJIY-

7
�

O
n 6n

qaeM pa3JII1QHbIX pellIeHMI1, COOTBeTcTByro�MX yrJIaM <p
==

'"7'.
.

., 7.

26.12. nOJIO:>KI1Te x == 2 cos U, r.n;e 0 � U � n. Tor.n;a y
== 2 cos 3u, z ==

== 2 cos 9u M X == 2 cos 27u. n03TOMY cos 27u == cos U, T. e. 27u == 2kn:f: u

.n;JI.H HeKoToporo IJ;eJIoro k.

26.13. PaBeHCTBa

x

3(1 + x
2

)

y

4(1 + y2)

z

5(1 + z2)

nOKa3bIBaIOT, qTO ql1CJIa x, y, Z MMelOT o.n;I1HaKoBbIe 3HaKI1, npMqeM

eCJIM (x, y, z) -pellIeHMe CMCTeMbI, TO (-x, -y, -Z) -TO)f(e pellIeHMe.

n03TOMY .n;OCTaTOqHO HaMTI1 nOJIO:>KMTeJIbHbIe pellIeHM.H. BocnoJIb3yH-
1 2

B 6 {3
..

TeCb TeM, qTO tg <p + - ==
.

2
. bI epl1Te yrJIbI a, , y, 3aKJIlOqeH-

tg <p SIn <p

a {3 Y
HbIe Me)f(.lJ;Y 0 M n, TaK, qTO tg

2
==

x, tg 2:
==

y, tg 2"
== z. Tor.n;a

SIn a

3

sin {3

4

siny

5

1 x+y

l-xy'
M

z
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y a+{3
T. e.

ctg"2
== tg

2
. ECJIM 0 < a, f3, y < n, TO paBeHCTBO

tg (
n

_

Y

) ==

tg
a + {3

2 2 2

n Y a+{3
BbInOJIH.HeTCHJIMllib B TOM cnyqae, Kor.n;a 2"

-

"2
==

2
'

T. e. a + f3 + Y
== n.

TaKMM 06pa30M, a, f3 M Y
-

yrJIbI TpeyrOJIbHMKa, CTOpOHbI KOToporo

OTHOaITaI KaK 3: 4: 5. 3HaqlfT, sina=�, sin{3 = � If Y
= � . TI03TOMY

a 1 (3 1 Y
tg

2
==

3
' tg "2

==

2
M tg "2

== 1.

26.14. TIQJIO)l(lfTe x
n

= tg t If rrpoBepbTe, qTO xn+l
= tg( t

-

� ).
26.15. 113 3a,n;aqlf 25.2 CJI�yeT, qTO sin ( x + � ) = �, rr03ToMY

cos
2

(x + � ) = � If COS X
- sin x = .J2 cos (x + � ) = :I:: � .

113 YCJIOBM.H CJIe.n;yeT, qTO sinx > 0 M COSX < 0, n03TOMY I1CKOMa.H BeJIM-

qMHa nOJIO:>KMTeJIbHa.

26.16. CJIO:>KMTe paBeHcTBa

sin 1
°

sin((n + 1)° - nO)

sin n° sin(n + 1)° sin n° sin(n + 1)°

sin(n + 1)° cos n° - cos(n + 1)° sin n°

sin n° sin(n + 1)°

== ctg n° -

ctg(n + 1)°

.n;JI.H n == 45, 47, ...,
133 11 BOCnOJIb3YMTecb TeM, qTO

ctg46° +ctgI34° == ctg47° +ctg133° ==
...

== ctg89° +ctg910 == 0

11 ctg45°
-

ctg90° == 1.

rJIaBa 27. TpHroHOMeTpHQeCKHe To�eCTBa

27.1. npoBepbTe, qTO sin (x- y) +sin(x+ y) ==2sinxcosy.

27.2. npoBepbTe, qTO cos(x + y) + cos(x -

y) == 2 cosxcos y.

27.3. npoBepbTe, qTO cos(x -

y)
- cos(x + y) == 2 sin x sin y.

27.4. nOKa)KI1Te, qTO

sin(u+v)+sin(u-v) == 2sinucosv,

x+y x-y
11 nOJIO)KMTe u ==

2
11 V ==

2
.

27.5. nOKa)f(MTe, qTO

sin(u +v) - sin(u - v) == 2 sin v cos u,

x+y x-y
M nOJIO)f(MTe u ==

2
M V ==

2
.
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27.6. nOKa)KMTe, qTO

cos(u + v) + cos(u - v) == 2 cos u cos v,

x+y x-y
M nOJIO)KI1Te u ==

2
M V ==

2
.

27.7. nOKa)f(MTe, qTO

cos(u+v)-cos(u-v) == -2sinusinv,

x+y x-y
M nOJIO)KMTe u ==

2
M V ==

2
.

27.8. 3anMllIMTe paBeHcTBo M3 3a,n;aqM 27.5 M BOCnOJIb3yMTeCb TeM,

x-y x-y x+y
qTO sin

2
<

2
COrJIaCHO 3a.n;aqe 26.3 M 0 < cos

2
< 1.

27.9. BOCnOJIb3yHTeCb TeM, qTO sin 20° sin 40° = � (cos 20° -

cos 60°) ,

cos 20° sin 80° = � (sin 60° + sin 100°) If sin 100° = sin 80° .

27.10. BocnoJIb3yHTecb TeM, qTO

.

1
0 .

4
0 .

2
0 .

3
0 1

( 3
0

5
°

)
1

( 1
0

5
°

)SIn SIn
-

SIn SIn ==

2
cos

-

COS
-

2
cos

-

COS ==

1
==

2" (cos 3° -

cos 1°) < o.

27.11. �Ba)f(.n;bI BOCnOJIb3yMTeCb 3a.n;aqeM 27.2.

27.12. BocnoJIb3yMTecb CHaqaJIa 3a.n;aQeM 27.3, a 3aTeM 3a.n;aqeM 27.1.

27.13. npl1MeHI1Te <POPMYJIY M3 3a,n;aql1 27.11 .n;JI.H

a+[3 [3+y y+a
x ==

2
' Y

==

2
'

z ==

2
.

27.14. npl1MeHMTe <POPMYJIY M3 3a.n;aql1 27.12 .n;JI.H

a+[3 [3+y y+a
x==

2
' Y==

2
'

z==
2

.

27.15. BocnoJIb3yMTecb TeM, qTO

. (2m+l)a . (2m-l)a
SIn

2

-

SIn

2
cosma ==

a
2 sin

2

27.16. COrJIaCHO 3a.n;aqe 27.15 I1CKOMa.H cYMMa paBHa

.

7
n . n

SIn

.?
-

SIn?

2
. n

sIn?

27.17. BocnoJIb3yHTecb CHaqaJIa <POPMYJIOM

(2m -1)a (2m + l)a
.

cos

2

-

cos

2
Sinma ==

a

2 sin
2
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a 3aTeM <POPMYJIOM

a
_

(2n + 1) a
_

2
. na . (n + l)a

cos
2

cos
2

- SIn
2

SIn
2

.

27.18. 113 paBeHCTB

11 . .

3
.

2
.

2 4
. 2

5
SIn x == SIn x + SIn x == SIn x COS x == SIn x COS x

2 11

CJIe.n;yeT, qTO cos x ==

20
. n03TOMY

sinSx+sinx = 2 sin 3xcos2x = 15
2

sinx(2cos
2

x-I) =

== 2,4. (1,1-1) sinx == 0,24sinx.

27.19. BocnoJIb3yHTecb TeM, qTO

2 sin 2n° sin 1
°

== cos(2n - 1)° - cos(2n + 1)°

M

(COS 1
°

-

cos 3°) + 2(cos 3° -

cos 5°) + ... + 89(cos 177° -

cos 179°) ==

== cos 1
°

+ (cos 3° + cos 177°) + ... + (cos 89° + cos 91°) - 89 cos 179° ==

== 90 cos 1
°

.

27.20. nepBoe npoM3Be.n;eHMe CMHYCOB paBHo

; sin 16° (cos 14° -cos34°) = �(sin2° +sin30° +sin 18° -sinSOO).

BTopoe npoM3Be.n;eHMe CI1HYCOB paBHo

; sin 2° (sin 30° + sin 38°) = � (sin 2° + cos 36° -

cos 40°).

BOCIIOJIb3yihecb paBeHcTBoM cos 36° = sin 18° + ; , .n;OKa3aHHbIM B 3a.n;a-

qe 25.30.

27.21. BocnoJIb3yMTecb TeM, qTO

2
. x x

SIll
-

COS
-

sin x ==
2 2

2 x . 2 x

COS
- + SIll

-

2 2

11

2X .2X
COS

- -

SIll
-

2 2
cos x ==

2 X . 2 X
.

COS
- + SIll

-

2 2

27.22. nOJIO)KMTe t ==

tg x M BOCnOJIb3yHTeCb TeM, qTO sin 2x ==

2t

2
.

1 + t 2t
1 + t

no YCJIOBMIO t t 1, n03ToMY ypaBHeHMe
_

1
== 1 +

2
MO)KHO npMBe-

-t l+t

CTI1 K BM.n;y 2t
2

(1 + t) == O.
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x

27.23. nYCTb tg
2

== t. Tor.n;a t =I :i:l, nOCKOJIbKY cos x =I O. n03TOMY

� + t x ==

1 + sin x
==

1 + 2t + t
2

1 + t

cos x
g

cos x 1 - t
2 1 - t

M

� + ct x ==

1
+.

cos x
== !.

Slnx
g

Slnx t

27.24. BocnoJIb3yMTecb <popMYJIaMM M3 3a.n;aq 27.21 M 25.8.

27.25. llepBbLu enoeo6. BocnoJIb3yMTecb 3a.n;aqeH 27.12 M TeM, qTO

-x + y + z == -2x M T..n;.

Bmopou enoeo6. BocnoJIb3yMTecb TeM, qTO

4sinxsinysin(x+ y) == 4sinxsiny(sinxcosy+cosxsiny) ==

== 2 sin
2

x sin 2y + sin
2

y sin 2x ==

== (1- cos2x) sin2y + (1- cos2y) sin2x.

27.26. llepBbLu el1oeo6. BocnoJIb3YMTecb 3a.n;aqeM 27.11 M TeM, qTO

-

x + y + z == - 2x 11 T. .n;.

Bmopou enoeo6. BOCnOJIb3yi1Tecb TeM, qTO

4cosxcosycos(x+ y) == 4cosxcosy(cosxcosy-sinxsiny) ==

== 4 cos
2

X cos
2

Y
- sin 2x sin 2y ==

== (1 + cos 2x) (1 + cos 2y)
- sin2x sin 2y.

27.27. llepBbLu enoeo6. CJIO)KMTe paBeHcTBa

cos 2a + cos 2f3 == 2 cos(a + f3) cos(a -

f3) == -2 cos y cos(a -

f3)

M

cos 2y == 2 cos
2

Y
- 1 == - 2 cos Y cos (a + f3)

- 1

M BOCnOJIb3yHTeCb TeM, qTO

cos(a -

f3) + cos(a + f3) == 2 cos a cos f3.

Bmopou enoeo6. BocnoJIb3yMTecb 3a,n;aqeM 27.11.

27.28. BocnoJIb3yMTecb paBeHcTBoM M3 3a.n;aqM 27.27 11 TeM, qTO

cos 2x == 2 cos
2

x-I.

27.29. llepBbLu enoeo6. CJIO:>KMTe paBeHCTBa

sin 2a + sin 2f3 == 2 sin (a + f3) cos(a -

f3) == 2 sin y cos(a -

f3)

11

sin 2y == 2 sin y cos y
== -2 sin y cos(a + f3)
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M BOCnOJIb3yHTeCb TeM, qTO

cos(a
-

(3)
- cos(a + (3) == 2 sin a sin {3.

Bmopou enoeo6. BocnoJIb3yMTecb 3a.n;aqeM 27.12.

27.30. BocnoJIb3yMTecb TeM, qTO

t g a + t g (3
tgy == -tg(a+{3) == -

.

1 -

tg a tg {3

27.31. CHaqaJIa npoBepbTe, qTO

cos y(sin a cos {3 + sin (3 cos a) + sin y(cos a cos (3
- sin a sin(3) ==

== cos y sin(a + (3) + sin y cos(a + (3) == cos y sin y
- sin y cos y

== o.

3aTeM no.n;eJIMTe 06e qaCTM nOJIyqeHHoro paBeHCTBa Ha sin a sin {3 sin y.

27.32. CHaqaJIa npoBepbTe, qTO

cos a (sin {3 sin y
-

cos (3 cos y) + sin a ( cos (3 sin y + cos y sin (3) ==

== cos
2

a + sin
2

a == 1.

3aTeM no.n;eJIMTe 06e qaCTM nOJIyqeHHoro paBeHcTBa Ha sin a sin {3 sin y.

rJIaBa 28. npU6JIUmeHHbIe BbIQUCJIeHU.H

28.1. ECJIM 0 <x < 1, TO 1- 2 x+x
2

<] -

X, rr03ToMY l-x< v I-x.

CJIe.n;oBaTeJIbHO, 1- (0,1)20 < J l- (0,])20 < 1.

28.2. BocnoJIb3yMTecb TeM, qTO

v lOOl- v lOOO ==

]
<

1

v l00l + v ]OOO 2 v l000

11 2
12

> 100.

28.3. BOCilOJIb3)rihecb TeM, QTO 5 - J 26 =

� <
1

1

0
.

5+ 26

28.4. BocnoJIb3yMTecb TeM, qTO qMCJIO (5 + v26 )20 + (5 - v26)
20

IJ;eJIoe (3a.n;aqa 13.36, 8 KJIacc).

28.5. .HCHO, 'lTO a
n +1

> � ( an +
a

1

n ) � 1. ECJm an � 1 If en
= Ian

- J21, TO

� 1

(
2

)
� (an

- .J2)2 £2
e

n +1
= la n +1

-

V 21 =

2
an +

an

-

V 2 =

2a
n

� ; ·

113 TOrO, qTO a2
== 1,5 M 1,4

2
< 2 < 1,5

2

, CJIe.n;yeT, qTO £2 < 0,1. n03TOMY
1

10
-2 1

1 0
- 4 1

1 0
-8

10
-10

£3 <
2"

.

, £4 <
8"

.

11 £5 <
128

. < .



YKa3aHUfl 69

28.6. 113 HepaBeHCTBa an? tt2 (CM. 3a.n;aqy 24.19) CJIe.n;yeT, qTO

3a�
- 2a

n
==

an (3a n

-

2) ? V2(3 V2 - 2) ? V2,

nOCKOJIbKY 3 tt2? 3. TaKI1M 06pa30M,

2a
n

+ �
<. 1

2
"""",.

3a
n

nYCTb £n
==

an
- tt2. HeCJIO:>KHO npoBepMTb, qTO

1 4 1 37
1 24

3�
2.a

2
-

10
==

"3
-

10
==

30
<, < V L.

113 HepaBeHCTB tt2 � a2 < tt2 + 0,1 CJIe.n;yeT, qTO £2 < 0,1. BocnoJIb3yH-
TeCb TalOKe TeM, qTO

_

_

3�
2

_ �
( + 1-

)
_

3�
2

_

(an
- �)2(2an + �)

:$: ,,2
.£n+l

-

an+l V L. -

3
an 2

V L. -

2
......

G

an 3a
n

28.7. HepaBeHcTBo

XIX2 -ala2
�

XIX2

CJIe.n;yeT M3 paBeHCTBa

Xl
-

a]

X]
+

X2
-

a2

X2
+

Xl
-

al

Xl

X2
-

a2

X2

Xlx2- a l a 2==

== (XIX2 -aIX2) + (XIX2 -xla2)
-

(X]X2 -a
l x 2

-X
l a 2 +ala2).

28.8.113 paBeHCTBa Xla2
-

a l
x

2 ==X2(XI
-

a 1 ) +x I (a2
-

X2) CJIe.n;yeT

HepaBeHCTBO

Xl al 1 xl
--- � -

.IXI-all+
- .l a 2- x 21.

X2 a2 a2 X2 a 2

�OMHO)KbTe 06e qaCTM 3TOrO HepaBeHCTBa Ha
X2

M nOJIyqMTe Tpe6ye-
Xl

MOe HepaBeHCTBO

Xl al
--- .

X2 a2

-I

)
Xl

� (
Xl

-

al
+

X2
-

a2
.

X2
.

X2 Xl X2 a2

28.9. a) npOBepbTe, qTO mi
-

2ni == 1 M BOCnOJIb3yMTeCb TeM, qTO

m�+l
-

2n�+1 == ( 3m k + 4nk)2 - 2( 2m k + 3nk)2 == m�
-

2n�.

6) 3anMllIMTe paBeHCTBO m�
-

2n� == 1 B BM.n;e

mk
-

n k ..J2 =

1.J2mk + nk 2

11 no.n;eJIMTe 06e qaCTM nOCJIe.n;Hero paBeHcTBa Ha mk.
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28.10. BocnoJIb3yHTecb )'Ka3aHMeM K 3a.n;aqe 28.9.

M 99
28.11. �JI.H .n;OKa3aTeJIbCTBa HepaBeHcTBa v 2 <

70
BbIqMCJIMTe .n;po-

6M
mk

M3 3a,l];aqM 28.9 .n;JI.H k � 3. �JI.H .n;OKa3aTeJIbCTBa HepaBeHcTBa
nk

239 M mk

169
< v 2 BbIqMCJIMTe .n;P06M

nk
M3 3a.n;aqM 28.10 .n;JI.H k � 4.

28.12. a) flpoBepbTe, qTO mi
-

3ni == 1 M BOCnOJIb3yHTeCb TeM, qTO

m�+l
-

3n�+1 == ( 2m k + 3nk)2 -

3(mk + 2nk)2 == m�
-

3n�.

6) 3anMllIMTe paBeHCTBO m�
-

3n� == 1 B BM,ZJ;e

mk
-

nk J3 ==

1

mk +l1kV3

M no.n;eJIMTe 06e qaCTM nOCJIe.n;Hero paBeHcTBa Ha mk.

28.13. BocnoJIb3yHTecb )'Ka3aHMeM K 3a.n;aqe 28.12.

M 97
28.14. �JI.H .n;OKa3aTeJIbCTBa HepaBeHcTBa v 3 <

56
BbIqMCJIMTe .n;po-

6M
mk

M3 3a.n;aqM 28.12 .n;JI.H k � 4. �JIH .n;OKa3aTeJIbCTBa HepaBeHcTBa
nk

71 M mk

41
< v 3 BbIqMCJIMTe .n;P06M

nk
M3 3a.n;aQM 28.13 .n;JI.H k � 4.

fJIaBa 29. MeTo� MaTeMaTHQeCKOU HH�YKIlHH

29.1. flpM n == 1 yTBep)f(.lJ;eHMe OqeBM.n;HO. OpM .n;OKa3aTeJIbCTBe llIara

MH.n;)'KIJ;MM BOCnOJIb3yHTeCb TeM, qTO n
2

+ (211 + 1) == (n + 1)2.
29.2. flpM .n;OKa3aTeJIbCTBe llIara MHAYKIJ;MM BOCnOJIb3yHTeCb TeM,

qTO n(2n + 1) + 6(n + 1) == (n + 2) (2n + 3), T. e.

n(n + 1) (2n + 1) + 6(n + 1)2 == (n + 1) (n + 2) (2n + 3).

29.3. flpM .n;OKa3aTeJIbCTBe llIara MHAYKIJ;MM BOCnOJIb3yHTeCb TeM,

qTO n(2n -1) + 3(2n + 1) == (n + 1)(2n + 3).

29.4. flpM .n;OKa3aTeJIbCTBe llIara MHAYKIJ;MM BOCnOJIb3yHTeCb TeM,

qTO (n-l)n+3n==n(n+2).
n(n+ 1) �

29.5. flYCTb 5 ==

2
== 1 + 2 + 3 + ... + n. BocnoJIb3)'11Tecb TeM,

qTO (5 + n + 1)2 - 52 == (n + 1)3.
29.6. BocnoJIb3yHTecb TeM, qTO (n + 2)! -

(n + I)! == (n + 1) (n + I)!.

29.7. YMHO)f(bTe 06e qaCTM paBeHcTBa (n + 4) -

n == 4 Ha npoM3Be.n;e-

HMe (n+ 1)(n+2)(n+3).
� n+ 1

(
1

)
n+2

29.8. BocnoJIb3)'11Tecb TeM, qTO
2Jl

1 -

(n + 1)2
==

2(n + 1)
.

29.9. BocnoJIb3yHTecb TeM, qTO
1

2
< ! -

+

1

1
.

(n+l) n n
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29.10. BocnoJIb3yHTecb TeM, qTO

117

"3
+

4
==

12
M

1
+

1

2n+ 1 2n+2

1
--

n+l

1
>0

2(n +-I)(2n + 1)
.

29.11. Tpe6yeMoe HepaBeHcTBo 3KBMBaJIeHTHO HepaBeHcTBY n
3

� 3
n

;

npM n == 1 M n == 2 3TO HepaBeHcTBo OqeB�HO. flpM n � 3 BbInOJIIDIeTC.H

HepaBeHcTBo (n + 1)3 � 3n
3

. �eMCTBMTeJIbHO, (n+ 1)3==n
3

+3n
2

+3n+ 1,

3n
2

� n
3

M 3n < n
3

.

29.12. Ea3MC MH,n;yKIJ;MM: (1 + a)2 == 1 + 2a + a
2

> 1 + 2a npM a I- O.

War MH,n;yKIJ;MM: eCJIM (1 + a)n > 1 + na, a I- 0 M 1 + a > 0, TO

(l+a)n+l> (l+a)(l+na) == 1+(n+l)a+na
2

> l+ (n+ l)a.

29.13. BOCnOJIb3yHTecb HepaBeHcTBoM Vii +
1

> v n + 1.
v n+l

29.14. �OKa)f(MTe HepaBeHcTBa npM n == 1 M BOCnOJIb3yHTeCb Hepa-

BeHCTBaMM 2 Vii +
1

< 2 v n + 1 M 2 v n + 2 < 2 v n + 1 +
1

.

v n+l v n+l

29.15. flpM n? 2 3aMeHMTe � Ha
1

M BOCnOJIb3yHTeCb Hepa-
v 311 v 3n + 1

BeHCTBOM

1. 211 + 1 1
<

v 3n + 1. 2n + 2 v 3n + 4

29.16. flpM .n;OKa3aTeJIbCTBe llIara MH,n;YKIJ;MM BOCnOJIb3yHTeCb TeM, qTO

nn

(n + l)n-1

n
2n - 2

(n
2

_1)n-1
>

(n + l)n-
l nn-2 (n + l)n-

I nn-2

(n _1)n-1
n-2

> 1
n

no npe.n;nOJIO)f(eHMIO MH,n;yKIJ;MM.

29.17. Ea3MC MHAyKIJ;MM: I sin Xl I + I cosxll? sin
2

Xl +COs
2

Xl
== 1. �o-

Ka3aTeJIbCTBO llIara MH,n;yKIJ;MM HaqHMTe C HepaBeHcTB

I cos({3
- a) I == I cos {3 cos a + sin {3 sin al �

� I cos {3 cos a I + I sin {3 sin a I � I cos {31 + I sin a I.

flOJIO)f(MB a ==Xn+l M {3 ==x
I + ... +Xn+l, nOJIyqMTe HepaBeHcTBo

I cos(x I + ... +xn+I)1 + I sinxn+ll ? I COS(XI + ... +xn)1

M npMMeHMTe ero .n;JIfI .n;OKa3aTeJIbCTBa llIara MH,n;yKIJ;MM.

29.18. flpM n == 2 Tpe6yeMoe HepaBeHcTBo a
2

+ 2ab + b
2

< 2a
2

+ 2b
2

3KBMBaJIeHTHO HepaBeHcTBY 0 < (a
- b)2. 113 HepaBeHCTBa

(
a+b

)
n

an+bn

2
<

2
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CJIe.n;yeT,qTO

( a�b r+l < ( an�bn )( a�b ) = an+l+bn+�+anb+abn "

HepaBeHCTBO

anb + ab
n

< a
n + l

+ b
n + l

CJIe.n;yeT M3 TOrO, qTO (an - b
n

) (a - b) > o.

29.19. flpM n == 3, a == W M b == V7 HepaBeHcTBo M3 3a.n;aqM 29.18 3a-

VS+ V7
V7+8

3r.7 317n
nMllIeTC.H CJIe.n;yro�MM 06pa30M:

2
<

�,
T. e. 2 + v 7 < v 60.

29.20. BocnoJIb3yMTecb TeM, qTO 1
3

+ 2
3

+ 3
3

.n;eJIMTC.H Ha 9 M

(n + 3)3 -

n
3

== 9(n
2

+ 3n + 3)

.n;eJIMTC.H Ha 9.

29.21. ECJIM no.n;eJIMTb qMCJIO, COCTOflmee M3 3
n

e.n;MHMIJ;, Ha qI1CJIO,

COCTO.Hm;ee M3 3
n

- 1

e.n;MHMIJ;, TO nOJIyqlilTcH qMCJIO Bl1,ZJ;a 10.. .010.. .01,

.n;eJIflm;eec.H Ha 3.

29.22. I1H,ZJ;YKIJ;MeM no n .n;OKa)f(MTe paBeHcTBo

111 1] 1 1 1
1 -

2:
+

3
-

4
+ ... +

2n - 1

-

211
==

11 + 1
+

n + 2
+ . . . +

2n
.

npM .n;oKa3aTeJIbCTBe llIara MHAYKIJ;MM BOCnOJIb3yi1:Tecb TO)f(.lJ;eCTBOM

1 1 1
+

1 _�
2n + 1 2n + 2 211 + ] 211 + 2 n + 1

.

29.23. �OKa)f(MTe MHAYKIJ;Mei1: no 11, QTO �JIH JII060ro n ? 3 c�ecTBY-

lOT n pa3JIMqHbIX HaTypaJIbHbIX qMCeJI, CYMMa KOTOpbIX .n;eJIMTC.H Ha Ka)f(-

.n;oe M3 HMX. Ea3MC MHAYKIJ;MM: qMCJIa 1, 2 M 3. n pM .n;OKa3aTeJIbCTBe llIara

MHAYKIJ;MM .n;06aBbTe K qMCJIaM MX CYMMY.

29.24. CHaqaJIa npoBepbTe, qTO J6 == V 2 + -/3 + V 2 - -/3, a 3aTeM

BOCnOJIb3yHTeCb TO)f(.lJ;eCTBOM

2
n + 1

/ 211+
1

/ 2
11

/ 2
11

/

( V 2 + J3 + V 2 - J3)
2

== V 2 + J3 + V 2 - J3 + 2.

29.25. BocnoJIb3yMTecb TeM, QTO J2 == 2 cos � ,
M paBeHcTBoM

2

2cosx = V 2+2cos2x ,l!;JHlX
=

2: 2
"

29.26. �OKa)f(MTe, qTO eCJIM MCnaqKaJIMCb n My.n;peIJ;OB, TO Bce OHM

noi1:.n;yr YMbIBaTbC.H Ha n-i1: OCTaHOBKe. Ea311C MHAYKIJ;MM n == 1: MCnaq-

KaBIlIMMC.H My.n;peIJ; BI1,ZJ;MT, qTO Bce OCTaJIbHbIe He MCnaqKaJIMCb, npMqeM
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OH 3HaeT, qTO KTO-TO MCnaqKaJIC.H. War MHAYKIJ;MM: Tpe6yeMoe yTBep-

)f(,ZJ;eHMe .n;OKa3aHO B CJIyqae, Kor.n;a MCnaqKaJIOCb He 60JIee n My.n;pe-

IJ;OB. flpe.n;nOJIO)f(MTe, qTO MCnaqKaJIOCb n + 1 My.n;peIJ;OB. Ka)l(,ll;bIM M3

I1CnaqKaBIlIMXCfI My.n;peIJ;OB pacc)')f(,ZJ;aeT TaK. B03MO)f(HbI .n;Ba BapMaHTa:

(1) .H He MCnaqKaJIC.H, (2) .H MCnaqKaJIC.H. flpM BapMaHTe 1 MCnaqKaJIOCb n

My.n;peIJ;OB; OHM BbIM.n;yT Ha n-M OCTaHOBKe. n03TOMY.n;0 n-M OCTaHOBKM

MHe He CJIe.n;yeT BbIXO.n;MTb, nOTOMY qTO BapMaHT 1 oCTaeTcfI B03MO)f(-

HbIM. Ho eCJIM Ha n-M OCTaHOBKe HMKTO He BbIM.n;eT, TO .H MCnaqKaJIC.H.

29.27. flpM n == 1 yTBep)f(,ZJ;eHMe OqeBI1,ZJ;HO. flpe.n;nOJIO)f(MTe, qTO nM-

paMM.n;KY M3 n KOJIeIJ; MO)f(HO nepeJIO)f(MTb Ha .n;pyrOM CTep)f(eHb Ha 2
n

- 1

XO.n;OB, M paccMoTpMTe nMpaMI1,ZJ;KY M3 n + 1 KOJIeIJ;. CHaqaJIa nepeJIO)f(M-

Te BepxHMe n KOJIeIJ; Ha BTOpOM CTep)f(eHb, 3aTeM nepeJIO)f(MTe caMoe

HM)f(Hee KOJIbIJ;O Ha TpeTMM CTep)f(eHb, a nOCJIe 3Toro nepeJIO)f(MTe n KO-

JIeIJ; co BToporo CTep)l(HH Ha TpeTI1M. Ha 3TO nOTpe6yeTC.H

(2
11

- 1) + 1 + (2
n

-1) == 2n+1 - 1 XO.n;OB.

29.28. flpM n == 1 yTBep)l(.n;eHl1e OqeBM.n;HO. flpe.n;nOJIO)f(MTe, qTO .n;JI.H

nepeKJIa.n;bIBaHMfI xaHoHcKoM 6allIHM M3 n KOJIeIJ; Tpe6yeTC.H He MeHee

2
n

- 1 XO.n;OB, M paccMoTpMTe nMpaMM.n;KY M3 n + 1 KOJIeIJ;. QT06bI nepe-

JIO)f(MTb nOCJIe.n;Hee KOJIbIJ;O, He06xo.n;MMO HaJIMqMe cB060.n;Horo CTep)f(-

IDl. n03TOMY .n;o nepBoro xo.n;a nOCJIe.n;Hero KOJIbIJ;a HY)l(HO nepeJIO)f(MTb

nepBbIe n KOJIeIJ; Ha .n;pyroM CTep)l(eHb. �JIfI 3Toro Tpe6yeTcfI 2
11

- 1 xo-

.n;OB. 3aTeM HY)l(HO nepeJIO)f(MTb nOCJIe.n;Hee KOJIbIJ;O, a nOCJIe 3Toro CJIO-

)f(MTb Ha HeM nepBbIe n KOJIeIJ;. Bcero Ha 3TO nOTpe6yeTC.H He MeHee

(2
n

- 1) + 1 + (2
n

-

1) == 2n+1 - 1 XO.n;OB.

29.29. HepaBeHcTBo .JTi < n + 1 OqeBIft);HO. npe.n;nOJIO)f(MTe, qTO

n?2M

V (n+l) V (n+2) V...Vn+N < n+2.

Tor.n;a

V n V (n+l) V...Vn+N < vn(n+2) < n+1.

29.30. a) Ea3MC I1HAYKIJ;MM no m (m == 1):

a
l

-2 Ja l
a

2 +a2 == (JUl- Ja;)2? o.

War MHAYKIJ;MM: eCJIM yTBep)f(.n;eHMe BepHo .n;JI.H m, TO OHO BepHO 11 .n;JI.H

ak + ak+2'"
m + 1. flOJIO)f(MTe b k

==

2
11, BOCnOJIb30BaBllIMCb TeM, qTO

akak+2111 � b�,
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nOJIyqMTe HepaBeHCTBO

2m+l �
2

m

/
VI a

l
.. .a2 m + 1 """ V b l .. .b

2
m.

no npe.n;nOJIO)f(eH MIO MHA yKIJ;MM

2
m

/
b b �

hI + ... +b 2
111 al + ... +a2 m + 1

V I. .. 2
m """

2
m +l

2
m

6) �JI.H npOM3BOJIbHOrO HaTypaJIbHOrO n MO)f(HO BbI6paTb m TaK, qTO

m _ _ _ _al+...+a n

n < 2 . nOJIO)f(MTe a
n + I

-

...

-

am
- A, r.n;e A -

,
3anMllIMTe

n

HepaBeHCTBO Me)f(,ll;Y cpe.n;HMM apM<pMeTl1qeCKMM M cpe.n;HMM reOMeTpM-

qeCKMM .n;JI.H qMCeJI a
I' ..., a2 m M BOCnOJIb3yHTeCb TeM, qTO cpe.n;Hee apM<p-

MeTMqeCKOe 3TI1X qMCeJI paBHO A.

29.31. CHaqaJIa .n;OKa)f(MTe Tpe6yeMoe YTBep)f(,ll;eHl1e .n;JI.H ql1ceJI BM-

.n;a n == 2
m

MHAyKIJ;MeM no m. npM m == 1 YTBep)l(,ll;eHMe OqeB�HO. War

MHAyKIJ;MM .n;OKa3bIBaeTC.H CJIe.n;yroIIJ;MM 06pa30M. ECJIM nOCJIe.n;OBaTeJIb-

HOCTb aI, a2, ..., a2 nt 06JIa.n;aeT Tpe6yeMbIM CBOMCTBOM, TO nOCJIe.n;OBa-

TeJIbHOCTb 2a
l ,

2a
2 , ...,

2a
2 m, 2al

-

1, 2a2
-

1, ..., 2a2m
- 1 TO)f(e 06JIa-

.n;aeT Tpe6yeMbIM CBOMCTBOM. .HCHO TaJOKe, qTO eCJIM n < 2
m

,
TO Tpe6ye-

Myro nOCJIe.n;OBaTeJIbHOCTb MO)f(HO nOJI�MTb, BbIqepKH)'B M3 nOCJIe.n;OBa-

TeJIbHOCTM .n;JIMHbI 2
m

Bce qMCJIa, npeBocxo.n;.H�Me n.

fJIaBa 30. nOCJIe�OBaTeJIbHOCTU quceJI

30.1. BocnoJIb3yHTeCb TeM, qTO x] X
2

== 1, X3X4
== 3, XSX6

== 5 M X7X8
== 7.

30.2. 113 paBeHCTB ak+l
==

ak a k+2 M ak+2
==

ak+l ak+3 CJIe.n;yeT, qTO

1 1

akak+3
== 1, T. e. ak+3

== -. B qaCTHOCTI1, alOO
== -. KpOMe Toro,

a k a97

ak+6
==

ak, n03TOMY al
==

a7
==

...

== a
97

"

30.3. B )'Ka3aHHOM B OTBeTe nOCJIe.n;OBaTeJIbHOCTM nepe.n; Ka)f(,lJ;bIM

ql1CJIOM MeHee n qMCeJI, KOTopble 60JIbllIe ero, a nOCJIe Ka)l(,ll;Oro qMCJIa

MeHee n qMCeJI, KOTopbIe MeHbllIe ero.

30.4. 00 YCJIOBMIO xn+2xn+1
==

xn+lx n
-1. n03TOMY paBeHcTBo xk

== 0

3KBMBaJIeHTHO TOMY, qTO

Xk-l xk-2
== 1, xk-2 X k-3

== 2, . . .

, X2 X
I

==

xk-(k-2)X I
== k -

2,

T.e. k==2+XIX 2 ==2+pq.
30.5. BocnoJIb3yHTecb TeM, qTO (2n - 1)2 + 8n == (2n + 1)2.

1
30.6. OOCJIe.n;oBaTeJIbHOCTb an

== 1- -

B03paCTalOIIJ;a.H M OrpaHMqeH-
n

Ha.H.

30.7. B reOMeTpMqeCKOM nporpeccMM 1, 2, 2
2

,
2

3
,

... Ka)K,lJ;bIM qJIeH

60JIbllIe CYMMbI .n;BYX JII06bIX npe.n;llIecTByroIIJ;MX eMY qJIeHOB.
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30.8. BOCnOJIb30BaBllIMCb 3a.n;aqeM 29.12, nOKa)f(I1Te, qTO

� == �

( l+
1

)
n+2

> �

( l+
n+2

) ==1
a

n +1 n+l n(n+2) n+l n(n+2)
.

(n - 2) (n + 1)
30.9. 113 paBeHCTBa Xn+l

-

X
n

== -

(n
2

+ 1)((n + 1)2 + 1)
CJIe.n;yeT, qTO

Xl <X2==X3 >X4>XS > ...

30.10. ECJIM 0 < an < 1, TO 0 < an+l < 1, nOCKOJIbKY a
n +1

==

an (1- an).

nOJIO)f(MTe b
n

== .l
M BOCnOJIb3yHTeCb TeM, qTO

an

1 b� 1
b

n + l
==

1 1 b -1
== b

n
+ 1 +

b -1
> b

n
+ 1.

___
n n

b
n b�

30.11. nYCTb b
n

== a
2

. Tor.n;a b
n + 1

== a
2

+ 2 +
1

2
M 2 < 2 +

1

2
< 3, no-

n n
a a

n n

3TOMY b
n

+ 2 < b
n + 1

< b
n

+ 3. CJIe.n;oBaTeJIbHO, 1 + 2n < b
n + l

< 1 + 3n.

30.12. a) BOCnOJIb3YMTecb TeM, qTO Fk == Fk+ 1
- F k - l .

6) CJIO)f(MTe paBeHCTBa F� == FI F
2 , F; == F2 F

3
- F

1 F 2 , ..., F; == FnFn+1
-

-Fn-IFn.
30.13. npe.n;nOJIO)f(MTe, �ITO QMCJIa FI1 11 Fn+ I .n;eJI.HTC.H Ha IJ;eJIoe qMCJIO

d > 1. Tor.n;a Fn-l == Fn+1
-

Fn TO)l{e .n;eJII1TC.H Ha d M T..n;. B MTore nOJIyqM-

Te, qTO F
2

== 1 .n;eJIMTC.H Ha d, qero He MO)l{eT 6bITb.

30.14. npMMeHMTe MHAYKIJ;111O no k.

Ea3ue UHOY K 4 UU : Fn-IFI + Fn F
2 ==Fn-1 +Fn ==Fn+l M Fn-l F

2 + Fn F
3

==

== F
n -I + 2F

n
== (F n-l + F n) + F

n
== F

n + I + Fn == Fn + 2.

llla2 UHOYK4UU: eCJIM

Fn+k-2 == Fn-I F k-2+Fn F k-1
M Fn+k-l == Fn-IFk-1 + FnFk'

TO

Fn+k == Fn-l (F k - 2 + F k - l ) + Fn (F k - l + F k ) == Fn-IFk + FnFk+l.

30.15. nOJIO)f(MTe k == n
- 1 B <popMYJIe M3 3a.n;aqM 30.14.

30.16. BocnoJIb3yHTecb TeM, qTO 3(2
n

- 2
+ 1) - 2(2

n
- 3

+ 1) ==2
n

- 1
+ 1.

30.17.113 paBeHcTB a
n +3==a n +2- a

n+1 ==an+l -an -an+l ==-a
n cJIe.n;y-

eT, qTO a
n +6

==

an. qMCJIO 100 npM .n;eJIeHMM Ha 6 .n;aeT OCTaTOK 4, n03ToMY

aloa
==

a4
==

-ale

30.18. CHaqaJIa npOBepbTe Tpe6yeMoe .n;JI.H nOCJIe.n;OBaTeJIbHOCTM

a == X
n

- l

n 1.

30.19. CMCTeMa ypaBHeHMM A + Jl
==

aI, AXI + JlX2
==

a2 I1MeeT e.n;MH-

CTBeHHoe pellIeHMe. Y nOCJIe.n;OBaTeJIbHOCTM qMCeJI AX�-l + JlX�-1 nep-

BbIe .n;Ba qJIeHa COBna.n;aIOT C a
I

M a
2 ,

M 3Ta nOCJIe.n;OBaTeJIbHOCTb y.n;OBJIe-
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TBOp.HeT .n;aHHOMY peKyppeHTHOMY COOTHOllIeHMIO. n03TOMY OHa COBna-

.n;aeT C .n;aHHOM nOCJIe.n;OBaTeJIbHOCTblO.

30.20. BocnoJIb3yHTecb 3a.n;aqeM 30.19.

30.21. BocnoJIb3yHTecb 3a.n;aqeM 30.19. KOpHM ypaBHeHIDI

X2 == (a+b)x-ab

paBHbI a M b. CMCTeMa ypaBHeHMM A + IJ-
== a + b, Aa + IJ-b == a

2
+ ab + b

2

a
2

b
2

MMeeT pellIeHMe A == -

b
' IJ-

== -

b
.

a- -a

30.22. KBa.n;paTHoe ypaBHeHMe X2 == 2px
- p2 C HYJIeBbIM .n;MCKpI1MM-

HaHTOM MMeeT KopeHb Xl
==

p. �JI.H nOCJIe.n;OBaTeJIbHOCTM nx�-l CJIO)f(MTe

paBeHCTBa x� == 2px I
- p2 M Xl

==

p, YMHO)l{eHHble Ha nx�-l M 2x� COOT-

BeTCTBeHHO.

30.23. CMcTeMa ypaBHeHMM A + IJ-
==

a], Ap + 2IJ-p ==

a2 MMeeT e.n;MH-

CTBeHHoe pellIeHMe.

30.24. BocnoJIb3yHTecb 3a.n;aqeM 30.23.

30.25. .HCHO, qTO

�an == (n + 1)2 -

n
2

== 2n + 1

M

��an == �an+l
-

�an == (211 + 3) - (2n + 1) == 2.

30.26. flpM pacKpbITMM cK060K B np0113Be.n;eHMI1 (x + 1)... (x + 1)

qneH xk nO.HBJI.HeTC.H B TOM CJIyqae, Kor.n;a B k cK06Kax BbI6Mp�eTC.H CJIa-

raeMoe x, a B OCTaJIbHbIX cK06Kax llbI6MpaeTC.H CJIaraeMOe 1. KOJIMqe-

CTBO TaKMX qneHOB paBHo e�.
30.27. BblqMCJIMTe pa3HocTb (n + l)k -

n
k

,
BOCnOJIb30BaBllIMCb 3a.n;a-

qeM 30.26.

30.28. H)')KHO npoBepMTb, qTO

e
k

_ e k== e
k-l

Te e
k

== e
k

+e
k-l

.

n+ Inn'
..

n+ Inn

llepBbLU enoeo6. BocnoJIb3yHTeCb TeM, qTO

n!
+

n!
_

n!

(
! +

1

)
_

k!(n - k)! (k -1)!(n - k + I)!
-

(k -1)!(n - k)! k n
- k + 1

-

n! n + 1 (n + I)!

(k -1)!(n - k)! ken - k + 1) k!(n - k + I)!
.

Bmopou enoeo6. BbI.ZJ;eJII1Te O.n;MH npe.n;MeT M3 .n;aHHbIx n + 1 npe.n;Me-

TOB. QT06bI BbI6paTb k npe.n;MeToB M3 .n;aHHbIX, H)')KHO JIM60 BbI6paTb

BbI.ZJ;eJIeHHbIM npe.n;MeT M k - 1 npe.n;MeT 113 OCTaJIbHbIX n npe.n;MeTOB,

JIM60 BbI6paTb Bce k npe.n;MeToB M3 OCTaJIbHbIX n npe.n;MeToB.
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30.29. BocnoJIb3yHTecb 3a.n;aqeM 30.27.

30.30. Cn:O)f(MTe paBeHcTBa

b
l

== a
2

-

aI' b 2
==

a3
-

a
2 ,

. . .

,
b

n
==

an+l
-

an.

30.31. a) flYCTb an
== An

3
+ Bn

2
+ en. Tor.n;a COrJIaCHO 3a.n;aqe 30.27

MMeeM �an == 3An
2

+ (3A + 2B)n + A + B + e. fl03TOMY H)')KHO nOJIO-

)f(MTb 3A == 1, 3A + 2B == 0 11 A + B + e == o.

6) JIepBbLu enoeo6. COrJIaCHO 3a.n;aqe 30.30 MCKOMa.H cYMMa paBHa

an+l
-

a
l

.

Bmopou enoeo6. CM. 3a.n;aqy 22.276).

30.32. a) flYCTb an
== An

4
+ Bn

3
+ en

2
+ Dn. Tor.n;a COrJIaCHO 3a.n;a-

qe 30.27 MMeeM

�an == 4An
3

+ (6A + 3B)n
2

+ (4A + 3B +2C)n +A+B +e+D.

fl03TOMY H)')KHO nOJIO)f(MTb 4A == 1, 6A + 3B == 0, 4A + 3B + 2e == 0 M A +

+B +e +D ==0.

6) JIepBbLu enoeo6. COrJIaCHO 3a.n;aqe 30.30 MCKOMa.H cYMMa paBHa

an+l -ale

Bmopou enoeo6. CM. 3a.n;aqy 29.5.

30.33. BocnoJIb3yHTecb 3a.n;aQeM 30.32 M TeM, qTO MCKOMa.H cYMMa

paBHa

1
3

+ 2
3

+ ... + (2n + 1)3 - 2
3

(1
3

+ 2
3

+ ... + n
3

).

30.34. �JI.H npOM3BOJIbHOrO k pacc)')KjJ;eHMfI TaKMe )f(e, KaK M npM

pellIeHMM 3a.n;aqM 30.32.

30.35. nYCTb b> 1. npM a + 1 < b BbInOJIH.HIOTC.H HepaBeHcTBa

�<�<
a+l

b b-l b'

a+l
a npl1 a + 1 == b .n;P06b �

== 1 cOKpaTMMa.H.

30.36. flpl1MeHMTe MHAYKIJ;MIO no n (nOp.H.n;KY nOCJIe.n;oBaTeJIbHOCTM

112

<Pape.H). Ea3Mc MHAyKIJ;MM: n == 3. �JI.H nOCJIe.n;OBaTeJIbHOCTM 3' 2
' 3

yTBep)f(.lJ;eHMe JIerKO npOBep.HeTC.H. flYCTb yTBep)l(,ll;eHMe .n;OKa3aHO .n;JI.H

n
- 1. npM nepexo.n;e OT n

- 1 K n K cTapoMY Ha60py qMCeJI .n;06aBJI.HIOTC.H
k

HeKoTopbIe qMCJIa BI1.n;a -. COrJIaCHO 3a.n;aqe 30.35 .n;Ba HOBbIX qMCJIa He

6

n

a k c a c

MoryT bITb coce.n;HMMM, n03TOMY b
<

n

<
d

' r.n;e
b

M
d

-

coce.n;HMe

ql1CJIa M3 CTaporo cnMCKa. 06a qMCJIa A == kb -

an M B == en
- kd no-

JIO)KMTeJIbHbI. flpe.n;nOJIO)KMTe, qTO O.n;HO M3 HMX 60JIbllIe 1. Tor.n;a

b+d < bB+dA == (be-ad)n == n,
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nOCKOJIbKY be - ad == 1 no npe.n;nOJIO)f(eHI1IO MHAYKIJ;MM. HepaBeHcTBa
a a+c cae

b
<

b + d
<

d
nOKa3bIBaIOT, qTO qMCJIa

b
11

d
He MorYT 6bITb coce.n;HMMM.

nOJIyqeHo npoTMBOpeqMe.

30.37. COrJIaCHO 3a.n;aqe 30.36 BbInOJIIDIIOTC.H paBeHcTBa bx -

ay
== 1

a+c b+d
11 ey

- dx == 1, n03ToMY x ==

b d
M Y

==

b d
.

c-a c-a

a a+c c

b 630.38. .HCHO, qTO
b

<
b + d

<
d

. fl03TOMY eCJIM + d � n, TO .n;po b

a+c ffi
..

b + d
BXO.n;MT B

nOCJIe.n;OBaTeJI;HO�Tb '¥ape.H nOp.H.n;Ka n, npMqeM OHa pac-

nOJIO)f(eHa Me)f(.lJ;y.n;p06.HMM
b

M
d

.

30.39. BocnoJIb3yHTecb TeM, qTO eCJIM .n;P06b
P

BXO.n;MT B nOCJIe-

,lJ,OBaTeJIbHOCTb <PapeR, TO ,lJ,po6b
q

-

P
TO:>Ke B Hee �XO,lJ,MT, rrOCKOJIbK)'

q

HO�(q
-

p, q) == HO�(p, q).

rJIaBa 31. MHomecTBa

31.1. Y qeTbIpex IlIKOJIbHMKOB OCTaJIaCb pyqKa, Y ceMM - JIMHeMKa M Y

.n;eB.HTM
-

KapaHAalli. n03TOMY XOT.H 6bI O,ll;I1H npe,ll;MeT MO:>KeT 6bITb He

60JIee qeM Y 4 + 7 + 9 == 20 qeJIOBeK. ClIe.n;OBaTeJIbHO, He MeHee qeM

30 - 20 == 10 qeJIOBeK nOTepflJIM Bce TpM npe.n;MeTa. ECJIM Ka)f(.lJ;bIM M3

20 qeJIOBeK nOTep.HlI pOBHO .n;Ba npe.n;MeTa, TO OCTaJIbHbIe 10 qeJIOBeK

nOTep.HJIM Bce TpM npe.n;MeTa.

31.2. �JI.H Ka)f(.lJ;OrO M3 n 3JIeMeHTOB eCTb .n;Be B03MO)f(HOCTM: OH JIM60

npMHa.n;JIe)f(I1T no.n;MHO)f(eCTBY, JIM60 He npI1Ha.n;JIe)f(MT. Bcero nOJIy'tIaeM

2
n

pa3JIMqHbIX BapMaHToB.

31.3. �JI.H Ka)f(.lJ;OrO M3 n 3JIeMeHTOB eCTb Tpl1 B03MO)f(HOCTM:

1) OH npMHa.n;JIe)f(I1T A;

2) OH npMHa.n;JIe)f(I1T B;

3) OH He npMHa.n;JIe)f(MT HM A, HI1 B.

31.4. 113 YCJIOBI1.H CJIe.n;yeT, qTO Ka)f(.lJ;ble .n;Ba MHO)f(eCTBa nepeceKa-

IOTC.H no O.n;HOMY 3JIeMe HTY. �OKa)f(eM, qTO Tor.n;a Bce MHO)f(eCTBa ne-

peceKalOTC.H no O.n;HOMY 3JIeMeHTY. npe.n;nOJIO)f(MM npOTMBHoe. B03bMeM

MHO)f(eCTBO MI. B HeM Ha�eTCfI 3JIeMeHT a, KOTOpbIM npMHa.n;JIe)f(MT no

KpaMHeM Mepe e�e 45 MHO)f(eCTBaM-M 2 ,
M 3 , ..., M46. �eMCTBMTeJIb-

HO, eCJIM KIDK.ZJ;bIM M3 45 3JIeMeHTOB MHO)f(eCTBa M I npMHa.n;JIe)f(MT He

60JIee qeM 44 MHO)f(eCTBaM, TO 06m;ee qMCJIO MHO)f(eCTB He npeBocxo.n;MT

44.45 + 1 == 1981. no npe.n;nOJIO)f(eHMIO eCTb MHO)f(eCTBO M, He co.n;ep-

)f(a�ee 3JIeMeHTa a. MHO)f(eCTBO M nepeceKaeTC.H no O.n;HOMY 3JIeMeHTY

C MHO)f(eCTBaMM M
I ,

M
2 , ..., M46. 3TM 3JIeMeHTbI nonapHo pa3JIMqHbI,

nOToMY qTO 06m;MM 3JIeMeHTOM MHO)f(eCTB M i
M M

j
MO)f(eT 6bITb TOJIbKO
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3JIeMeHT a. fl03TOMY MHO)f(eCTBO M co.n;ep)f(MT 46, a He 45 3JIeMeHTOB,

qero He MO)f(eT 6bITb.

31.5. B MHO)f(eCTBe A, COCTOflIIJ;eM M3 n 3JIeMeHTOB, eCTb pOBHO 2
n

pa3-

JIMqHbIX no.n;MHO)f(eCTB, BKJIlOqa.H nycToe MHO)f(eCTBO M caMO MHO)f(e-

CTBO A (3a.n;aqa 31.2). fl03TOMY BbI6paHa pOBHO nOJIOBMHa Bcex no.n;-

MHO)f(eCTB. Ka)K,lJ;OMY MHO)f(eCTBY Be A MO)f(HO conOCTaBI1Tb ero .n;onOJI-

HeHMe B, COCTO.HIIJ;ee M3 Tex 3JIeMeHTOB, KOTopbIe He npMHa.n;JIe)f(aT B.

fl03TOMY MHO)f(eCTBa B A pa36MBaIOTC.H Ha napbI Bl1,ZJ;a (B, B ). flepe-
CeqeHMe JII06bIX .n;BYX (M .n;a)f(e Tpex) BbI6paHHblx MHO)f(eCTB He nYCTO,

n03TOMY 113 Ka)KjJ;OM napbI MHO)f(eCTB (B, B ) BbI6paHo pOBHO O.n;HO. ECJIM

MHO)f(eCTBa B 11 C BbI6paHbI, TO MHO)f(eCTBO D == B n C TO)f(e BbI6paHo.

�eMCTBMTeJIbHO, MHO)f(eCTBO D He MO)f(eT 6bITb BbI6paHO, nOCKOJIbKY

B n enD == 0. �OKa)KMTe Tenepb no I1HA)'KIJ;MM, qTO eCJIM MHO)f(eCTBa

B
I ,

B 2 , ..., Bk BbI6paHbI, TO MHO)f(eCTBO BI n B
2 n ... n Bk TO)f(e BbI6paHO.

CJIe.n;OBaTeJIbHO, nepeCeqeHMe Bcex BbI6paHHbIX MHO)f(eCTB TO)f(e BbI6pa-

HO, n03TOMY OHO HenycTO.

31.6. IIepBbLu cnoco6. flpJIMaH, npOXO,ll;JImaH Qepe3 TOQKY (x o ; Yo),

3a.n;aeTC.H ypaBHeHMeM Y
-

Yo
== t(x -

x
o ). flo.n;cTaBMB Bblpa)f(eHMe Y

==

==

Yo + t(x
-

xo) B ypaBHeHMe OKp)!)KHOCTI1, nOJIyqMTe KBa.n;paTHoe ypaB-

HeHMe BMtJ;a (1 + t
2

)X2 + 2(tyo
- t2xo)x + c == 0, r.n;e C He 3aBMCMT OT X.

06a KOpIDI 3Toro ypaBHeHI1f1 paBHbI Xo, n03TOMY

tyo
- t2xo == -(1 + t

2

)xo, T. e. t == _

Xo
.

Yo

KaCaTeJIbHa.H 3a.n;aeTC.H ypaBHeHMeM

Xo 2 2

Y
-

Yo
== -

Yo
(x -

X
o ), T. e. XoX + YaY

==

Xo + Yo
== 1.

Bmopou cnoco6. I1CKOMa.H np.HMa.H nepneHAMKYJI.HpHa np.HMOM
..£ ==

Y �
==

-, n03ToMY OHa 3a.n;aeTCfI ypaBHeHMeM Bl1,ZJ;a XOX + YoY
== c. flp.HMa.H

Yo

npoxo.n;MT qepe3 TOqKY (xo; Yo), pacnOJIO)f(eHHyro Ha OKp)')KHOCTM, no-

3TOMY c == X� + Y5 == 1.

31.7. flYCTb o.n;Ha 113 TOqeK KaCaHI1.H MMeeT Koop.n;MHaTbI (Xl; YI). Co-

rJIaCHO 3a.n;aqe 31.6 KaCaTeJIbHa.H, npoxo.n;.HIIJ;a.H qepe3 3TY TOqKY, 3a.n;aeT-

C.H ypaBHeHMeM XIX + YIY
== 1. 3Ta KaCaTeJIbHa.H npOXO,ll;MT qepe3 TOqKY

(xo; Yo), n03ToMY xIX o + YIYO
== 1. CJIe.n;oBaTeJIbHO, TOqKa (Xl; YI) JIe)f(MT

Ha np.HMOM XoX + YoY
== 1. BTopa.H TOqKa KaCaHI1.H TO)f(e JIe)f(I1T Ha 3TOM

np.HMoM.
31.8. IIepBbLu cnoco6. COrJIaCHO 3a.n;aqe 31.7 npflMa.H, coe.n;MIDIIO�a.H

TOqKM KacaHMfI, 3a.n;aeTC.H ypaBHeHMeM by == 1.
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Bmopou cnoco6. np.HMa.H, npOxOM�a.H qepe3 TOqKY (0; b), 3a.n;aeTC.H

ypaBHeHl1eM y
== b + kx. BbIpa311Te x qepe3 y 11 no.n;CTaBbTe nOJIyqeH-

Hoe BbIpa)f(eHl1e B ypaBHeHl1e OKp)0KHOCTI1. �I1CKpI1MI1HaHT nOJIyqeHHo-

ro ypaBHeHI1.H paBeH HYJIIO Tor.n;a 11 TOJIbKO Tor.n;a, Kor.n;a

b
2

== (k
2

+ 1) (b
2

- k
2

), T. e. b
2

== k
2

+ 1.

b b 1
KopeHb ypaBHeHI1.H C HYJIeBbIM .n;I1CKpI1MI1HaHTOM paBeH

k
2

+ 1 b 2 b.

31.9. PaCCMOTpl1Te pa3HocTb ypaBHeHI1M OKp)0KHOCTeM 11 BOCnOJIb-

3yHTeCb TeM, qTO B 06�eM TOqKe OKp)0KHOcTeM 06a ypaBHeHI1.H 06pa�a-
IOTC.H B HYJIb, n03ToMY I1X pa3HocTb TO)f(e 06pa�aeTC.H B HYJIb. 06a ql1CJIa

a
l

-

a
2 11 b l

- b
2

He MoryT 6bITb paBHbI HYJIIO o.n;HOBpeMeHHO. �eMCTBI1-

TeJIbHO, eCJII1 a I
==

a2 11 b l
== b 2 ,

TO IJ;eHTpbI OKp)0KHOCTeM COBna.n;aIOT,

M OHI1 He MoryT nepeceKaTbC.H B .n;BYX TOqKax.

31.10. MO)f(HO Cql1TaTb, qTO ypaBHeHI1.H napa60JI I1MelOT BI1.n;

x
2

+ py
== 0 11 (y

- YO)2 + ax + b == O.

ToqKM nepeCeqeHI1.H napa60JI y.n;oBJIeTBOp.HIOT 060l1M ypaBHeHI1.HM, no-

3TOMY OHI1 JIe)f(aT Ha KpI1BOM, 3a.n;aHHoM CYMMOM ypaBHeHI1M. CYMMa

ypaBHeHI1M .HBJIHeTC.H ypaBHeHl1eM OKp)0KHOCTI1.

31.11. nYCTb .n;aHHa.H TOqKa np.HMOM ax + by == 1 I1MeeT Koop.n;I1HaTbI

(x o ; Yo). To r.n; a, C O.n;HOM CTOpOHbI, ax
o + byo == 1. C .n;pyrOM CTOpOHbI, co-

rJIaCHO 3ajJ;aqe 31.7, np.HMa.H, coe.n;I1H.HIO�a.H TOqKl1 KaCaHI1.H, 3ajJ;aeTCH ypaB-

HeHl1eM xox + YoY
== 1. n03TOMY TOqKa (a; b) JIe)f(J1T Ha 3TOM np.HMoM.

rJIaBa 32. HenpephIBHhIe �p06H

32.1. nYCTb

[ IJ
Pn-l

1; 1, ...,
== -.

� qn-l
n

Tor.n;a
PI

== 2 ==
F3

11
Pn

== 1 +
qn-l

==

Pn-l + qn-l
.

ql F 2 qn Pn-l Pn-l

32.2. npoBepbTe, qTO

�+
1

== 1
2+x 1+�

l+x

npM x # -1, -2 11 no.n;CTaBbTe B 3TO TO)f(jJ;eCTBO x == [0; 3, 4, ..., nJ.

32.3. Bblpa)J(eHHe B JIeBOH: qaCTH 60JIblIIe �, n03TOMY Xl < 2, a 3Ha-

ql1T, Xl
== 1. nYCTb [0; 3,4, ..., nJ ==a 11 [0; X2, ..., xnJ ==x. Tor.n;a

1 1
1-

2+a
==

l+x
'
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1
T. e.

- == 1 + a. TaKI1M 06pa30M,
x

[1; 3,4, ..., nJ == [X2; X3, ..., xnJ.

.HCHO, qTO IJ;eJIbIe qaCTI1 BbIpa)f(eHI1M B JIeBOM 11 npaBoM qaCTI1 paBHbI 1

11 x
2 , n03ToMY x

2
== 1. nOcJIe 3Toro nOJIyqaeM paBeHcTBo

[3; 4, ..., nJ == [X3; X4, ..., xnJ.

CHOBa CpaBHI1Ba.H IJ;eJIbIe qaCTI1, nOJIyqaeM x
3

== 3 11 T. .n;.

32.4. a) npl1MeHI1Te I1HAyKIJ;111O no k. npl1 k == 2 Tpe6yeMbIe COOTHO-

llIeHI1.H JIerKO npOBep.HIOTC.H. ECJII1 ao, aI, ... paCCMaTpMBaTb KaK He3a-

BI1CI1MbIe nepeMeHHbIe, TO I1MeeT MeCTO OqeBI1,lJ;HOe paBeHCTBO

[aD; aI, ..., ak+IJ == [ aD; aI, ..., ak + �
] .

ak+l

n03TOMY COrJIaCHO npe.n;nOJIO)f(eHI1IO I1HAyKIJ;I1M

( ak + �
) Pk-l + Pk-2

Uk+l

( ak + �
) qk-l +qk-2

Uk+l

ak+l (akPk-1 + Pk-2) + Pk-l

ak+l (akqk-l + qk-2) + qk-l

6) 11 B) JIerKO CJIe.n;yroT 113 a).

32.5. BocnoJIb3yHTecb 3a.n;aqeM 32.4 6).

32.6. PaBeHcTBo 113 3a.n;aql1 32.46) MO)f(HO nepenl1CaTb B Bl1,lJ;e

Pk
==

Pk-l
+

(_I)k-1
.

qk qk-l qk-l qk

Pk+l

qk+l

Uk+IPk + Pk-l

ak+l qk + qk-l

.

3aTeM 3anl111II1Te

Pk-l
==

Pk-2
+

(_I)k-2

qk-l qk-2 qk-2qk-1

PI Po 1 1
11 T..n;..n;o

- == - + -

==a
o +-.

ql qo qOql qOql

32.7. BocnoJIb3yHTecb 3a.n;aqeM 32.4 a) 11 TeM, qTO

A == [aD; aI, ..., ak-l' AkJ.

32.8. PaBeHcTBo A = �kPk-l :
Pk-2

H3 3a,n;aQH 32.7 MO)J(HO nepenH-
kq�-l qk-2 Pk-l

caTb B BI1.n;e A k (Aqk-l
-

Pk-1J
==

Pk-2
-

AQk-2, n03ToMY ql1CJIa A - -

Pk-2 qk-l
11
- - A I1MelOT O.n;MH M TOT )f(e 3HaK, T. e. ql1CJIO A 3aKJIIOqeHO Me)f(jJ;Y
qk-2

Pk-l Pk-2 Po
-

11 -. .HCHO TalOKe, qTO
- ==

ao < A. n03TOMY
qk-l qk-2 qo

Po
< A <

PI
,

P2
< A < P.l,

P2
< A <

P3
11 T. .n;.

qo ql q2 ql q2 q3
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32.9. PaCCMOTpl1Te nOCJIe.n;OBaTeJIbHOCTb qMCeJI

m rl
Yo

==

11' YI
==

m
'

r2
Y2

==

rl
'

rs
. . .

, Ys
==

;-,
's-l

Ys+I
== o.

KIDK.ZJ;oe 113 3TMX ql1ceJI 3aKJIIOqeHO Me)l(.lJ;Y 0 11 1. no onpe.n;eJIeHI1IO aJI-

rOpl1TMa EBKJIl1)J;a fk-l
==

akfk + fk+ I. ECJII1 nOJIO)f(I1Tb fO
== m 11 f

-I
==

n, TO

3TO paBeHCTBO BbInOJIIDIeTC.H .n;JI.H k == 0, 1, ...,
s. CJIe.n;OBaTeJIbHO,

rk rk 1

Yk
==

rk-l

==

ukrk + rk+l uk + Yk+l

npl1 k � s. n03TOMY

Ys
== [0; asJ ==

Xs,

Ys-I
== [0; as-b asJ == X

S
- b

Yo
== [0; ao, ..., asJ ==

xo.

32.10. BocnoJIb3yHTecb 3a.n;aqeM 32.46) .n;JI.H
Ps

== �
M

Ps-I
==

P
.

� qs m qs-l q
32.13. BocnoJIb3YHTecb TeM, qTO

ao
== 1, A

l
==

1
== J2+1

J2-1
' al

== 2
1

11 A
2

==

Al -ul

1

J2
==AI.

2-1

32.14. BocnoJIb3yHTecb TeM, qTO

a
o

== 1, A
-

1

I
-

J3-1

J32
= J3+ 1,

3-1

J3+1
2

al
== 1,

1
A

2
==

J3+1
_ 1

2

32.15. BocnoJIb3yHTecb TeM, qTO

a2
== 2,

1
A

3
== ==AI.

J3-1

a
o

== 2
'

A
-

1

l-

-17-2

A
-

-17 + 1
a

3
== 1

,3
-

3
'

-17 + 2

3

A4 == J7 + 2,

a1
= 1, A 2

=
../7

2

+ 1
, a2

= 1,

1
a

4 ==4, As== ==AI.
../7-2

1
B Bl1)J;e Ak ==

ak + _

A k+l

1
32.16. 3anl111II1Te paBeHcTBo Ak+l ==

A
� k

-

uk
11 BOCnOJIb3YHTecb TeM, qTO

a = Ao =
ao + 1 1

= [aD; Ad = [ao; a1 + 1 2 ] = [aD; aJ, A 2 ] =

= [ao; aJ, a2 + 1J = [aD; aJ, a
2 ,

A 3 ] =
...

32.17. nOBTopMTe pacc}')K,lJ;eHI1.H M3 3a.n;aql1 32.8, BOCnOJIb30BaBllII1Cb

<POPMYJIO:H M3 3a.n;aqM 32.16.
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32.18. Cpe.n;IDI.H npo.n;OJI)f(MTeJIbHOCTb ro.n;a no IOJIMaHcKoMY KaJIeHAa-

1 1

plO paBHa 365 +
4

== 365,25 M

0,25
_

0,2422
Rj 128,2.

32.19. Cpe.n;H.H.H npo.n;OJI)f(MTeJIbHOCTb ro.n;a no rpl1rOpl1aHCKoMY Ka-

JIeHAaplO paBHa

111 1
365 +

4

-

100
+

400
== 365,2425 11

0 2425 - 0 2422
Rj 3333,3.

32.20. HenpepbIBHa.H .n;P06b 3Toro qMCJIa I1MeeT B� [0; 4, 7, 1, 3, ...J.

(
8

)
-l

32.21.
33

-

0,2422 Rj 4459,4.

06pamume BHUMaHue, llmo

g�OXOORW,Wl OP06b
3

8

3
oaem 60Jlee mOll-

Hoe npU6JlUJKeHUe, 1.£eM OP06b
400

' UCnOJlb3yeMWl B 2pu2opuaHcKoM Ka-

JleHOape.

rJIaBa 33. �OnOJIHHTeJIhHhIe 3a�aqH

33.1. BOCnOJIb30BaBllII1Cb 3a.n;aqeM 29.1211JI113a.n;aqeM 30.26, nOKa)f(l1-

Te, qTO

(
1

)
n

1
l+

n

x >l+n
n

x==l+x.

33.2. YMHO)f(bTe .n;BoMHoe HepaBeHcTBo

(
� + �

)
2

� 1 � (
� + �

)
2

Ha ( va _ Vb) 2.
2,Ja 2�

33.3. BOCITOJIb3yHTeCb HepaBeHcTBaMIf B < A;
B

< A If TeM, 'lTO

(a - b)2

8(A
- B)

(1;;2 _/b2)2
4(�_�)2

(JQ+�)2
4

A+B

2
.

33.4. ECJIM O.n;HO 113 qMCeJI paBHo 1, TO Tpe6yeMoe HepaBeHCTBO oqe-

BM.n;HO. nYCTb m, n > 1, ViTi == 1 + U 11 rz;n == 1 + v. COrJIaCHO HepaBeH-

CTBY 113 3a.n;aql1 29.12 MMeeM m == (1 + u)n > 1 + nu 11 n > 1 + mv, T. e.

m-l n-l
U < 11 V < -. CJIe.n;oBaTeJIbHO,

n m

�+� == ---L+---L >
n+m

1

vm n.vn l+u l+v n+m-l>.

33.5. ConOCTaBbTe cYMMe n == x
I + ... + x

m nOCJIe.n;OBaTeJIbHOCTb HY-

JIeM 11 e.n;I1HI1IJ;, B KOTOpOM CHaqaJIa �YT x I e.n;I1HI1IJ;, nOTOM O.n;I1H HYJIb,

nOTOM X2 e.n;I1HI1IJ; 11 T. .n;.; B KOHIJ;e CTOI1T X
m e.n;I1HI1IJ;. �JII1Ha 3TOM nOCJIe-

.n;OBaTeJIbHOCTI1 paBHa n + m
-

1, n03TOMY 113 n + m -1 ynop.H.n;OqeHHbIX

npe.n;MeTOB H)0KHO BbI6paTb n npe.n;MeTOB (OHM 6y.n;YT e.n;I1HI1IJ;aMI1) I1JII1

m
- 1 npe.n;MeTOB (OHI1 6y.n;YT HYJI.HMI1).
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33.6. ConOCTaBbTe cYMMe n == x
I + . . . + X

m CYMMY

n-m == (x l -l)+...+(x m -l)

11 BOCnOJIb3yMTeCb 3a.n;aqeM 33.5.

33.7. ConOCTaBbTe cYMMe

n == (2xI -1) + ... + (2X n -2k -1) == 2(XI + ... +X
n -2k)

-

n +2k

CYMMY n
- k ==

Xl + ... + X
n -2k 11 BOCnOJIb3yHTeCb 3a.n;aqeM 33.6.

33.8. �JI.H ql1ceJI BM.n;a labc B cJIe.n;yro�l1x Tpex CJIyqa.HX nepeHoc npo-

I1CXO.n;I1T: 1) o.n;Ha 113 IJ;11<PP a, b, c paBHa 5, 6, 7 I1JII1 8; 2) b == 9 11 C t 9;

3) a == 9, a X OT.H 6 b I o.n;H a M3 IJ; 11 <PP b 11 C OTJIl1qHa OT 9. OCTaJIbHbIe ql1CJIa

I1MelOT BI1.n; labc, lab9, la99, 1999, r.n;e IJ;M<pPbI a, b M C paBHbI 0, 1, 2, 3

I1JIM 4. �JI.H TaKI1X ql1ceJI nepeHOC He npOI1Cxo.n;I1T. I1x KOJIl1qeCTBO paBHO

53 + 52 + 5 + 1.

33.9. PaccMoTpMTe CHaqaJIa CJIyqaM, Kor.n;a nOp.H.n;oK, B KOTOpOM BbI-

611pa1OTC.H no.n;MHO)f(eCTBa, yqMTbIBaeTC.H. B TaKOM cJIyqae .n;JI.H KIDK.ZJ;Oro

113 n 3JIeMeHTOB H)!)KHO BbI6paTb O.n;I1H 113 Tpex Bapl1aHToB: 1) 3JIeMeHT

npMHa.n;JIe)f(MT TOJIbKO nepBoMY no.n;MHO)f(eCTBY; 2) 3JIeMeHT npMHa.n;JIe-

)f(I1T TOJIbKO BTOPOMY no.n;MHO)f(eCTBY; 3) 3JIeMeHT npI1Ha.n;JIe)f(MT 060l1M

no.n;MHO)f(eCTBaM. BbI6paHHbIe no.n;MHO)f(eCTBa pa3JIl1qHbI, KpoMe O.n;HO-

ro CJIyqa.H, Kor.n;a 06a OHI1 COBna.n;aIOT co BceM MHO)f(eCTBOM. n03TOMY
3

n
-1

KOJIMqeCTBO cnoc060B paBHo
2

+ 1.

33.10. nYCTb I1CKOMoe ql1CJIO paBHo xn. npl1 n == 1 eCTb nycToe MHO-

)f(eCTBO 11 no.n;MHO)f(eCTBO {I}, n03TOMY Xl
== 2. npl1 n == 2 eCTb nycToe

MHO)f(eCTBO 11 no.n;MHO)f(eCTBa {I} 11 {2}, n03ToMY x2
== 3. npM n? 3.BbI-

nOJIIDIeTC.H paBeHcTBo x
n

==

Xn-l + X
n -2. �eMCTBI1TeJIbHO, eCJIM paccMaT-

pl1BaeMOe no.n;MHO)f(eCTBO co.n;ep)f(I1T n, TO OHO He co.n;ep)f(MT n
-

1, 11 HM-

KaKMX .n;pyrl1X OrpaHMqeHI1M Ha Hero He HaKJIa.n;bIBaeTC.H. KOJIMQeCTBO

TaKI1X no.n;MHO)f(eCTB paBHO X
n

- 2
. KOJIMQeCTBO paCCMaTpl1BaeMbIX no.n;-

MHO)f(eCTB, He co.n;ep)f(a�I1X n, paBHO xn-l.

33.11. nYCTb I1CKOMoe QMCJIO paBHo xn. Tor.n;a Xl
== 1, X2

== 2 M x
n

==

==

Xn-l + X
n -2 npl1 n? 3, nOCKOJIbKY KOJII1QeCTBO npe.n;cTaBJIeHI1M QI1CJIa

n C nepBbIM CJIaraeMbIM 1 paBHo Xn-l' a C nepBbIM CJIaraeMbIM 2 -X
n -2.

33.12. nYCTb I1CKOMoe QMCJIO paBHo xn. .HCHO, QTO xl
== 0, X2

== 1

11 X3
== 1. npl1 n ? 3 BbInOJIIDIeTC.H paBeHcTBo x

n
==

Xn-l + X
n -2. �eMCTBI1-

TeJIbHO, nepBoe CJIaraeMOe MO)f(eT 6bITb paBHo 2; KOJII1QeCTBO TaKI1X

npe.n;cTaBJIeHI1M paBHo X
n -2. nepBoe CJIaraeMOe MO)f(eT 6bITb 60JIbllIe 2.

Tor.n;a 113 Hero MO)f(HO BbIQeCTb 1 11 nOJIyql1Tb npe.n;cTaBJIeHl1e QI1CJIa

n
- 1. n03TOMY KOJII1QeCTBO TaKI1X npe.n;cTaBJIeHI1M paBHo Xn-l.
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33.13. nYCTb I1CKOMoe qMCJIO paBHo xn. .HCHO, qTO xl
== 1 M x2

== 1.

npM n ? 3 BbInOJIIDIeTC.H paBeHcTBo x
n

== x
n

- l + X
n -2. �eMCTBI1TeJIbHO,

KOJIMqeCTBO npe.n;cTaBJIeHI1M C nepBbIM CJIaraeMbIM 1 paBHo Xn-l. ECJII1

)f(e nepBoe CJIaraeMOe He MeHbllIe 3, TO 113 Hero MO)f(HO BbIqeCTb 2 11 no-

JIyqMTb npe.n;cTaBJIeHMe ql1CJIa n
- 2.

33.14. B03bMI1Te 6 MOHeT M nOJIO)f(J1Te nOJIOBMH)' M3 HI1X Ha o.n;H)' qallI-

KY BeCOB, a .n;pyryro nOJIOBI1H)' Ha .n;pyryro qallIKY. ECJIM o.n;Ha rpynna MO-

HeT OKa)f(eTC.H JIerqe, TO <paJIbIlII1Ba.H MOHeTa BXO.n;MT B 3TY rpynny. ECJII1

)f(e qallIKM BeCOB ypaBHOBeC.HTC.H, TO <paJIbIlIMBa.H MOHeTa Haxo.n;I1TC.H cpe.n;11

Tpex OCTaBIlII1XC.H MOHeT. nOJIO)f(MB Ha o6e qallIKM BeCOB no O.n;HOM no.n;o-

3pl1TeJIbHOM MOHeTe, MO)f(HO BbI.HCHI1Tb, KaKa.H MOHeTa <paJIbIlII1Ba.H.
33.15. nOJIO)f(MTe no O.n;HOM MOHeTe Ha Ka)f(,lJ;yro qallIKY. ECJIM BeCbI

B paBHOBeCI1I1, TO o6e 3TM MOHeTbI HaCTO.H�l1e. ECJII1 BeCbI He B paB-

HOBeCI1I1, TO o6e OCTaBllIl1eC.H MOHeTbI HaCTO.H�l1e. nOJIO)f(I1Te Ha O.n;HY

qallIKY BeCOB O.n;HY MOHeTY M3 napbI HaCTO.H�I1X, Ha BTOpyro
-

MOHeTY

M3 TOM napbI, B KOTOpOM eCTb <paJIbIlII1Ba.H. ECJII1 BeCbI B paBHOBeCI1I1, TO

<l>aJIbIlII1Ba.H MOHeTa He JIe)f(MT Ha Becax. ECJII1 BeCbI He B paBHOBeCI1I1,

TO <paJIbIlII1Ba.H MOHeTa JIe)f(I1T Ha Becax.

33.16. CpaBHI1Te CHaqaJIa MOHeTbI A M B. ECJII1I1X Bec o.n;I1HaKOB, TO

OCTaBIlIa.HC.H MOHeTa C <paJIbIlII1Ba.H. CpaBHI1B ee C JII060M 113 HaCTO.HIIJ;MX

MOHeT, MO)f(HO Y3HaTb, T.H)f(eJIee OHa I1JIM JIerqe. ECJII1I1X Bec pa3HbIM, TO

OCTaBIlIa.HC.H MOHeTa C HaCTO.H�a.H. CpaBHMTe caMyro JIerKyro 113 MOHeT

A 11 B (nYCTb .n;JI.H onpe.n;eJIeHHOCTI1 3TO MOHeTa A) C MOHeToM C. ECJII1

I1X Bec o.n;I1HaKOB, TO MOHeTa B <paJIbIlII1Ba.H 11 OHa T.H)f(eJIee HaCTO.H�eM.

ECJIM I1X Bec pa3HbIM, TO MOHeTa A <l>aJIbIlIMBa.H 11 OHa JIerqe HaCTO.H�eM.

33.17. 3aHYMepyHTe MellIKI1 11 B03bMI1Te 113 Ka)l(,ll;OrO MelliKa CTOJIb-

KO MOHeT, KaKOB ero HOMep. Bec 3TI1X MOHeT MeHbllIe Beca TaKoro )f(e

KOJIl1qeCTBa HaCTO.HIIJ;I1X MOHeT Ha CTOJIbKO )f(e rpaMMOB, KaKOB HOMep

MelliKa C <paJIbIlII1BbIMI1 MOHeTaMI1.

33.18. OTJIO)I{]ITe BbI6paHH)'IO MOHery M nOJIO)f(J1Te nOJIOBMH)' OCTaB-

IlII1XCH MOHeT Ha o.n;H)' qallIKy BeCOB, a .n;pyryIO nOJIOBI1H)'
- Ha .n;pyryIO qallI-

Ky. nYCTb cpe.n;11 nepBbIX n MOHeT eCTh k
I <paJIbIlIMBbIX, a cpe.n;11 .n;pyrl1X n

MOHeT eCTb k
2 <paJIbIlIMBbIX. Tor.n;a Ha nepBoM qallIKe JIe)f(J1T rpY3 BeCOM

na:f: k l , r.n;e a - Bec HaCTO.H�eM MOHeTbI, a Ha BTOpOM qallIKe JIe)f(J1T rpY3

BeCOM na:f: k 2 . CTpeJIKa BeCOB nOKIDKeT pa3HocTb k l
-k 2

= k
l +k 2 (mod 2).

TaKI1M o6pa30M, eCJII1 BbI6paHHa.H MOHeTa <l>aJIbIlII1Ba.H, TO nOKa3aHI1e

CTpeJIKI1 BeCOB - HeqeTHOe qI1CJIO, a eCJII1 BbI6paHHa.H MOHeTa HaCTO.H-

�a.H, TO nOKa3aHI1e CTpeJIKM BeCOB - qeTHOe qMCJIO.

-�
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